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§0. Introduction. 

O I Let k he a finite field of characteristic p > and U a hyperbolic curve over k. 

Namely, U = X — S , where X is a proper, smooth, geometrically connected curve 
of genus g over k and S G X is a divisor which is finite etale of degree r over k, 
. such that 2 — 2g — r < 0. We have the following exact sequence of profinite groups: 

: 1 ^ 7ri(t/ Xfc /c,*) ^ 7ri(t/, *) ^ Gfc ^ 1. 

Here, Gk is the absolute Galois group Gal(fc//c), * means a suitable geometric point, 
and TCi stands for the etale fundamental group. The following result is fundamental 
in the anabelian geometry of hyperbolic curves over finite fields. 

Theorem (Tamagawa, Mochizuki). Let U, V be hyperbolic curves over finite 
fields kjj , ky, respectively. Let 

a : 7ri(C7, *) ^ 7ri(y, *) 

be an isomorphism of profinite groups. Then a arises from a uniquely determined 
commutative diagram of schemes: 

U ^ > V 



U V 



in which the horizontal arrows are isomorphisms, and the vertical arrows are the 
profinite etale universal coverings determined by the profinite groups tti {U, *), tti (V, *), 
respectively. 

This result was proved by Tamagawa (cf. [Tamagawal] , Theorem (4.3)) in the 
affine case (together with a certain tame version), and more recently by Mochizuki 
(cf. [Mochizuki2] , Theorem 3.12) in the proper case. It implies, in particular, 
that one can embed a suitable category of hyperbolic curves over finite fields into 
the category of profinite groups. It is essential in the anabelian philosophy of 
Grothendieck, as was formulated in [Grothendieck] , to be able to determine the 
image of this functor. Recall that the full structure of the profinite group 7ri(t/ X;;; 
k, *) is unknown (for any single example of U which is hyperbolic). Hence, a fortiori, 
the structure of ni{U,*) is unknown. (Even if we replace the fundamental groups 
T^iiU Xfc k,*), 7ri(t/, *) by the tame fundamental groups 7r\{U k,*), 7r\{U,*), 
respectively, the situation is just the same.) Thus, the problem of determining the 
image of the above functor seems to be quite difficult, at least for the moment. In 
this paper we investigate the following question: 

Question 1. Is it possible to prove any result analogous to the above Theorem 
where 7ri(t/, *) is replaced by some (continuous) quotient of tti{U, *) whose structure 
is better understood? 

The first quotients that come into mind are the following. Let C (respectively, 
C^) be the class of finite groups of order prime to p (respectively, finite /-groups, 
where Z 7^ p is a fixed prime number). Let Au be the maximal pro-prime-to-p 
(i.e., pro-C) quotient of 7ri(t/ x^ k,*). For a profinite group F, F' stands for the 
maximal pro-Z (i.e., pro-C') quotient of F. Thus, in particular, coincides with 
7Ti{U Xfc k,*y. Here, the structures of Ajj and A[j are well understood — Ajj 
(respectively, A[j) is isomorphic to the pro-prime-to-p (respectively, pro-/) com- 
pletion of a certain well-known finitely generated discrete group (i.e., either a free 

group or a surface group). Let Yljj 7ri(/7, *)/ Ker(7ri(L'' Xj^k,*) -» Ajj) (respec- 
tively, H^^-* =^ TTi ([/, *) / Ker(7ri {U Xkk,*) A[j) be the corresponding quotients of 
T^iiU X/e k, *). We shall refer to Ilu as the geometrically pro-Sj; etale fundamental 

group of U, where T,u '= primes — {char(A;)}, and primes stands for the set of all 
prime numbers. 

Question 2. Is it possible to prove any result analogous to the above Theorem 
where 7ri(t/, *) is replaced by Ilu, n[^\ respectively? 

Our main result in this paper is the following (cf. Corollary 3.10): 

Theorem 1 (A Prime-to-p Version of Grothendieck's Anabelian Con- 
jecture for Hyperbolic Curves over Finite Fields). Let U, V be hyperbolic 

curves over finite fields ku, ky, respectively. Let Tiu '= primes — {chsir{ku)}, 
T,v =^ ^ritncs — {char(/cT/)}, and write Ilu, for the geometrically pro-T^u etale 
fundamental group of U , and the geometrically pro-Tiy etale fundamental group of 
V, respectively. Let 

a : Hu Hv 



be an isomorphism of profinite groups. Then a arises from a uniquely determined 
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commutative diagram of schemes: 



U V 



in which the horizontal arrows are isomorphisms and the vertical arrows are the 
pro finite etale coverings corresponding to the groups Yiu , Yiy , respectively. 

As an important consequence of Theorem 1, wc deduce in Corollary 3.11 the fol- 
lowing prime-to-p version of Uchida's Theorem on isomorphisms between absolute 
Galois groups of function fields (cf. [Uchida]). 

Theorem 2. Let X , Y he proper, smooth, geometrically connected curves over 
finite fields kx, ky, respectively. Let Kx, Ky be the function fields of X, Y , 
respectively. LetCxxj be the absolute Galois groups ofKx, Ky, respectively, 

and let G'^^, G'^^ he their geometrically pro-prime-to- characteristic quotients (cf. 
discussion before Corollary 3.11). Let 

be an isomorphism of profinite groups. Then a arises from a uniquely determined 
commutative diagram of field extensions: 

{KxT — ^ {Ky)- 
Kx — =^ Ky 

in which the horizontal arrows are isomorphisms and the vertical arrows are the 
extensions corresponding to the Galois groups G'^^ , G'j^^ , respectively. 

Our proof of Theorem 1 relies substantially on the methods of Tamagawa and 
Mochizuki. We shall explain this briefly in the case where U is proper (hence, 
U = X). (cf. Theorem 3.9. The general case can be reduced to this special 
case.) Starting from Tlx, Tamagawa's method characterizes group-theoretically 
the decomposition groups at points of X in Tlx- The problem of recovering the 
points of X from the corresponding decomposition groups is related to the question 
of whether the natural map 

X^i ^ Sub(nx)n^ 

from the set of closed points of X to the set of conjugacy classes of closed subgroups 
of IIx, which maps a point x to the conjugacy class of its decomposition group D^, 
is injective. This map is known to be injective in the full profinite case, i.e., when 
one starts from 7ri(X, *) instead of Tlx- In our case we are only able to prove that 
the above map is almost injective, i.e., injective outside a finite set Ex C X^^. 
Thus, we can only recover from IIx the set of points in a nonempty open subset 
X — Ex- 
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In [Mochizuki2] , Mochizuki developed a theory of cuspidalizations of etale fun- 
damental groups of proper hyperbolic curves. One of the consequences of the main 
results of this theory is that, starting from IIx, one can recover in a functorial way 

the Kummer theory of open affine subsets Us '= X — S, where 5* is a finite set of 
closed points contained m. X — Ex- Using Kummer theory, one then recovers (up 
to Frobenius twist) the multiplicative group of rational functions on X whose 
divisor has a support disjoint from Ex- Thus, starting from an isomorphism 

as in Theorem 1 we can recover, up to Frobenius twist, an injective embedding 
between multiplicative groups 

Oe -^Ol - 

The issue is then to show that this embedding arises from a uniquely determined 
embedding of fields Kx ^ Ky, between the corresponding function fields. This 
kind of problem of recovering the additive structure of function fields has been 
treated in [Uchida] and [Tamagawal] , using certain auxiliary functions — the min- 
imal elements, i.e., functions with a minimal pole. The arguments loc. cit. work 
well in the case of a bijection between multiplicative groups, but fail in our case 
where we only have an embedding "-^ between multiplicative groups. In 
our case, instead of using minimal elements, we can recover the additivity by using 
functions whose divisor has a unique pole. In our situation the fact that we can 
only evaluate functions at all but finitely many points of X (or, more precisely, all 
points oi X — Ex) presents an additional difficulty which we overcome, roughly 
speaking, by passing to an infinite algebraic extension of the base field, and using 
"infinitely many" auxiliary functions. 

In §1, we review some (mostly known but partly new) results which show that 
various invariants of the curve X (among other things, the set of decomposition 
groups at closed points of X) can be recovered group-theoretically, starting from 
IIx- We also prove the almost injectivity of the above map from the set of closed 
points of X to the set of conjugacy classes of decomposition groups. In §2, we review 
the main results of Mochizuki's theory of cuspidalizations of etale fundamental 
groups of proper hyperbolic curves, which plays an essential role in this paper. 
In §3, we prove our main results, assuming the results of §4. Finally, In §4, we 
investigate the problem of recovering the additive structure of functions mentioned 
above. Using the above "one pole argument", we prove Proposition 4.4, which is 
used in §3. 

Acknowledgment. The authors would like to thank Shinichi Mochizuki very 
much for various useful discussions on his theory of cuspidalizations. The first 
author holds an EPSRC advanced research fellowship GR/R75861/02, and would 
like very much to thank EPSRC for its support. This work was done during a visit 
of his to the Research Institute for Mathematical Sciences (RIMS) in Kyoto. He 
would like very much to thank the staff members of RIMS for their hospitality. 

§1. Characterization of Decomposition Groups. 

Let X be a proper, smooth, geometrically connected curve over a finite field 
k = kx oi characteristic p = px > 0. Write K = Kx for the function field of X. 
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Let 5 be a (possibly empty) finite set of closed points of X, and set U = Us = 
X — S. We assume that U is hyperbolic. 

Fix a separable closure i^®®P = K^'^ of K, and write k = kx for the algebraic 
closure of k in K^^^. Write 

Gk =^Gal(K"^P/K), 

Gk =^ Gal(k/k) 

for the absolute Galois groups of K and k, respectively. 

The tame fundamental group 7t\{U) with respect to the base point defined by 
j{sep (^-^Y^QYe "tame" is with respect to the complement of U in X) can be naturally 
identified with a quotient of Gk- Write Gal(i^'^/i^') for this quotient. (In case 
5' = 0, we also write K^^ for K^.) It is easy to see that contains Kk. 

Let S = Tjx be a set of prime numbers that contains at least one prime number 
different from p. Write 

st<i^s-{p}. 

Thus, ^ by our assumption. Denote by Z^^ the maximal pro-S^^ quotient of 
Z. Set S' = = ^Primes - Ex- We say that E is cofinite if ^(S') < oo. 

We define Ku to be the maximal pro-S subextension of Kk in Kjj. Now, set 

n^; = Gal{ku/K), 

which is a quotient of 7t{{U) = Gal{Kjj/K). This fits into the exact sequence 

l^Au^Uu ^-^^ Gk ^ 1. 

Here, Au is the maximal pro-S quotient of ttI{U), where, for a fc-scheme Z, we set 
Z = Zxkk. 

Define Xu to be the integral closure of X in Ku. Define U to be the integral 
closure of U in Ku, which can be naturally identified with the inverse image (as an 
open subscheme) of U in Xu- Define Su to be the inverse image (as a set) of S in 
Xu- 

For a scheme Z, write Z*^^ for the set of closed points of Z. Then we have 

{XuT'^U^'YlSu- 

Moreover, (XuY^ admits a natural action of Hu, and the corresponding quotient 
can be naturally identified with X*^^. 

For each x G {XuY^, we define the decomposition group C Hu (respectively, 
the inertia group 1$ C to be the stabilizer at x of the natural action of Ilu on 
{Xuy^ (respectively, the kernel of the natural action of on k{x) = k{x) = k). 
These groups fit into the following commutative diagram in which both rows are 
exact: 



1 



h - 






n 


n 


n 


Au - 


Uu - 


Gk 
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Moreover, = {1} (respectively, Ix is (non-canonically) isomorphic to Z^^), if 
X e C/°^ (respectively, x e Su)- Since Ix is normal in Dx acts on 7g by 
conjugation. Since is abelian, this action factors through Dx Gk(x) ^ind 
induces a natural action of Gk(x) on Jj. 

Lemma 1.1. 7455«me £ G S*^. Then: 

(i) r/ie subgroup ^'^'^^ of Ix that consists of elements fixed by the Gk(^x)- (action is 
trivial. 

(ii) Assume moreover that S is cofinite. Then the kernel of the action Gj^(^x) 
Aut(/2) is trivial. 

Proof. By assumption, /g ~ and it is well-known that the map G^x) 

Aut(/;j) = (Z^^)^ coincides with the cyclotomic character and sends the |l(A;(a;))-th 
power Frobenius element (fik{x) ^ Gf,{x) ■> which is a (topological) generator of G]^(^x) i 
to 'i,{k{x)) e (Z^^)^. The assertion of (i) follows from this, since 'i,{k{x)) — 1 is not 
a zero divisor of the ring Z^^ . The assertion of (ii) also follows from this, together 
with a theorem of Chevalley ([Chevalley], Theoreme 1). □ 

Let G be a profinite group. Then, define Sub(G) (respectively, OSub(G)) to be 
the set of closed (respectively, open) subgroups of G. 

By conjugation, G acts on Sub(G). More generally, let H and K be closed sub- 
groups of G such that K normalizes H. Then, by conjugation, K acts on Sub(iy). 
We denote by Sub(if)K the quotient Sub(iJ)/X by this action. In particular, 
Sub(G)G is the set of conjugacy classes of closed subgroups of G. 

For any closed subgroups H,K of G with K G H, we have a natural inclusion 
Sub(iir) C Sub(iJ), as well as a natural map Sub(iJ) Snh{K), J ^ J r\K. By 
using this latter natural map, we define 

S^(G') =^ fin^ Sub (if). 

i?eOSub(G) 

Observe that Sub(G) can be identified with the set of commensurate classes of 
closed subgroups of G. (Closed subgroups Ji and J2 of G are called commensurate 
(to each other), if Ji fl Ji is open both in J\ and in J2.) 
With these notations, we obtain natural maps 

D = D[U] : {XuT^ ^ Sub(nf/),£ ^ Dx, 

I = I[U] : {Xuf ^ Sub(A[/) C Sub(nt/), x ^ Ix, 
which fit into the commutative diagram 

{XuY' — ^ Sub(nt/) 

(Xur' Sub(A^), 

where the vertical arrow stands for the natural map Sub(n[/) Sub(A(7), J 
J n A[7. By composition with the natural map Sub(n;7) Sub(n;7), D, I yield 

D = D[U] : {XuT' ^S^illu), 
I = I[U] : (XuT' ^ Sub{Au) C Sub{Uu). 
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Remark 1.2. Unlike the case of D,I, the maps D,I are essentially unchanged if 
we replace U by any covering corresponding to an open subgroup of Ilu. 

Since the maps D, I are Hfy-equivariant, they induce natural maps 
Du^ = D[U]uu ■■ ^ Sub(nt,)n^, 
luu = nu]uu ■■ ^ Sub(Af/)n^ C Sub(n[/)n^, 

respectively. 

Definition 1.3. Let f : A B he a map of sets. 

(i) We define /x/ : S ^ Z U {00} by = (Thus, / is injective 
(respectively, surjective) if ///(6) < 1 (respectively, ///(6) > 1) for any b E B. We 

also have f {A) = {b e B \ Hf{b) > 1}.) 

(ii) We say that / is quasi-finite, if lJ.f{b) < 00 for any b E B. 

(iii) We say that an element a of A is an exceptional element of / (in A), if 
IJ,f{f{a)) > 1. We refer to the set of exceptional elements as the exceptional set. 

(iv) We say that a pair (ai, 02) of elements of A is an exceptional pair of / (in A), 
if ai 7^ a2 and /(ai) = /(a2) hold. 

(v) We say that / is almost injective (in the strong sense), if the exceptional set of 
/ is finite. (Observe that almost injectivity implies quasi-finiteness.) 

Lemma 1.4. Let f : A ^ B and g : B ^ C be maps of sets. Then we have: 
Both f and g are quasi-finite (respectively, almost injective). 

g o f is quasi-finite (respectively, almost injective). 

/ is quasi-finite (respectively, almost injective). 

Proof. Easy. □ 

Definition 1.5. Denote by the exceptional set of D in (Xi/Y^ 

Definition 1.6. Let G be a profinite group and H a closed subgroup. Then 
we denote by Zg{H), Ng{H) and Cg{H) the centralizer, the normalizer and the 
commensurator, respectively, of H in G. Namely, 

Zg{H)= {geG\ ghg-^ = h for any h e H), 

n 

Ng{H)^ {geG\ gHg-^ = H} ^ H, 

n 

Cg{H)= {g & G \ gHg~^ and H are commensurate}. 

Lemma 1.7. Let Z be a closed subgroup of Uu such that pTu{Z) is open in Gk 
and that pr^j \z is injective. Then pr^j induces an injection Cuu{Z) >• Gk, and we 
have CuuiZ) = NuuiZ) — Zyiu{Z) D Z and (CuuiZ) : Z) < 00. 

Proof. Take any a G CuuiZ) fl Ajj. Thus, Zq Z f] aZa~^ is open both in Z 
and in aZ(7~^. We claim that a commutes with any element r of Zq. Indeed, 
first, observe that r G C aZa~^ and aTa~^ G aZQa~^ C aZa~^ hold. Or, 
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equivalently, a~^Ta,T e Z. Second, observe that pTjj{a~^Ta) = prjj{T) holds, 
since pr [j(cr) = 1. Now since pijj \z is injective, the equahty pTjj{a~^Ta) = pj:jj{t) 
imphes a~^Ta = r, as desired. 

Next, we prove a = 1. To see this, suppose cr ^ 1 and take any sufficiently small, 
open characteristic subgroup of Au such that a ^ N. Set H (N^a) C Au- 

Then the image of a in is nontrivial. (Indeed, the image of a in H/N is 
nontrivial by definition. Since H/N is cyclic, the surjection H H/N factors 



through the surjection H ^ H .) Observe that Zq normalizes H, since N is 

characteristic in Au and a commutes with Zq. So, the open subgroup H"^'{H,Zo) 
of Hu can be regarded as a semidirect-product extension of Zq by H and satisfies 
H n Ajj — H. Now, the image of u in is nontrivial and fixed by the action of 
Zq. This is impossible, as can be easily seen by observing the Frobenius weights in 
the action of Zq, or of pr^(Zo), which is an open subgroup of Gk- 

Thus, we have proved a — 1, and the first assertion follows from this. In partic- 
ular, CuuiZ) Gk) is abelian, hence the second assertion follows. Finally, since 
pTjj induces an isomorphism Cuu{Z) ^ pTu{Cuu{Z)) and pTjjiZ) is open in Gk, 
the third assertion holds. □ 

The first main result in this § is: 

Proposition 1.8. (i) /|^^ : Sjj Suh{Ilu) is injective. 

(ii) Eq- is disjoint from Su. (Or, equivalently, Ejy C U'^^.) 

(iii) Let p denote the natural morphism Xjj X. Then, for each x e D\-p-i(^^ 
is injective. 

(iv) Let p denote the natural morphism Xjj —>■ X . Then, for each x e X"^^, Dlp-i^^,) 
is quasi-finite. If, moreover, k{x) = k holds (i.e., x is a k -rational point of X), 

-^lp-i(x) is injective. 

(v) Efj is Uif-stable. 

Assume, moreover, that E is cofinite. Then: 

(vi) The quotient Ejj/Uu is finite. 

(vii) D : {XuY^ — >• Sub(n[/) is quasi-finite. 

Proof, (i) Take any x,x' G Sjj, and assume x ^ x' . Then there exists an open 
subgroup Hq of 11(7, such that the following holds: Let Uq denote the covering of 
U corresponding to Hq C H^/ and Xq the integral closure of X in C/q (i-e., 
is the smooth compactification of Uq), then the images xq,x'q of x,x' in Xq are 
distinct from each other. Moreover, by replacing Hq by a smaller open subgroup if 
necessary, we may assume that the cardinality of the point set Xq — t/o is > 3 (see, 
e.g., [Tamagawal], Lemma (1.10)). 

Now, to show the desired injectivity, it suffices to prove that fl i^i ^ J^/ fl 
H\ holds for any open subgroup Hx of Hq. Let U\ denote the covering of U 
corresponding to H\ C Hj/ and X\ the integral closure of X 'va.U\. Then, by the 

choice of iifi, we see that the images oix^x' in are distinct from each 

other and that the cardinality of S\ is > 3. Then it is easy to see that the images 

of n -ffi, Ix' n Hx in H\ are isomorphic to iP^ and that the intersection of these 
images is {0}. (Observe (the pro-E^ part of) exact sequence (1-5) in [Tamagawal].) 
Thus, a fortiori, /g fl i^i 7^ J^/ n H^ holds, as desired. 
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(ii) Take any x E Su and x' G (Xu)'^^, such that x ^ x' holds, then we shall 
prove that the images of x, x' by D are distinct from each other. To see this, it 
suffices, by definition, to prove that, for any open subgroup H of fit/, the images 
Dx n i/, Dx' n of X, x' in Sub (if) are distinct from each other. Now, replacing U 
by the covering of U corresponding to H C Iff/, it suffices to prove that Dx, Dx' are 
distinct from each other. Now, recall that Dx H Ajj = Ig, Z)g/ fl Au = /j/. Thus, 
if x' e Sjj, the last assertion follows from (i). On the other hand, if x' e If^^, the 
last assertion follows from the fact — , I^' = {1}. 

(iii) If X G S X — U , the assertion follows from (ii). So, we may and shall assume 
X E U . Take any x^x' G p~^(a;). Then there exists a G Au such that x' = ax 

_ cl 

holds. (Such a is unique by the assumption x G C/ , though we do not use this 
fact in the proof.) Now, suppose that the images of x,x' by D coincide with each 
other. Namely, Dx and Dx' = D^^x = (^DxCr~^ are commensurate to each other. 
Thus, a G C]ju{Dx) H Au, and it follows from Lemma 1.7 that a = 1 holds, hence 
x' = ax = X. Namely, D\-p-i(x) is injective, as desired. 

(iv) Let TT denote the natural morphism X ^ X, so that p — tt op holds. Since 
^{n~^{x)) = [k{x) : k] < oo, the assertions follow directly from (iii). 

(v) This follows from the fact that D is n^y-equi variant. 

(vi) To prove this (assuming that E is cofinite), we may replace U by any covering 

corresponding to an open subgroup of Ilu- Thus, we may assume that the genus of 

X is > 1 and that X is non-hyperelliptic. (See, e.g., [Tamagawal], Lemma (1.10) 

for the former, and either [Tamagawa3], §2 or the proof (in characteristic zero) of 

[Mochizuki], Lemma 10.4(4) for the latter.) We shall prove that p{Efj), which can 

be identified with Efj/Hu, is finite, or, more strongly, that p{Efj), which can be 

identified with E^/Au, is finite. 

Take any pair of elements x,x' G U'^^, and denote by x,x' the images of x,x' in 
cl 

U , respectively. The images piui^x) and pTu{Dx') are open in Gk, hence so is 

the intersection Go '= P'^^ui^x) H piui^x')- Let s,s' be the inverse maps of the 
isomorphisms pr^ [d- : Dx pruiDx), pr^/ : D^' piuiDx'), respectively. 
Then, it is well-known and easy to see that the map (j) : Gq ^ Au, 7 ^ 
is a continuous 1-cocycle (with respect to the left, conjugacy action of Gq on Au 
via the section s'). Thus, defines a cohomology class in H^{Gq, Au). We denote 
by 0o!x ^ <?^o!x(-^' -^') image of this class in iy^(G'o, A^). (Note that the Go- 
action on A!^ induced by that on Au extends to a canonical Gfe-action, hence, in 
particular, is independent of the choice oi x' .) Moreover, we set 

nx= linj H\G,Ai^) 

GGOSub(Gfe) 

(where the transition maps are restriction maps) and denote by (f)^ = 0^(x,x') 
the image of (i)^x i^ T^x- 

On the other hand, it is well-known that is canonically isomorphic as a 
Gfe-module to the pro-S part T(J)^ of the full Tate module T{J) of the Jacobian 
variety J (tensored with k) of X. Thus, by Kummer theory (for the abelian variety 
J), we obtain an injective map J(/C(2)/( J(A;g){E'}) — H^{G,A^)^ where G is an 
open subgroup of Gk, kc is the finite extension of k corresponding to G, and, for an 
abelian group M, M{T,'} stands for the subgroup of torsion elements a of M such 
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that every prime divisor of the order of a belongs to S'. (In fact, the above injective 
map is bijective by Lang's theorem, though we do not use this fact in the proof.) 
By taking the inductive hmit, we obtain an injective map J(A;)/( J(/c){E'}) Ti-x- 

cl 

Now, it is widely known that the image in Tix of the class of x — in J = J{k) 
coincides with (f)^. For this, see [NT], Lemma (4.14). (See also [Nakamura2], 2.2 
and [Tamagawal], Lemma (2.6).) 

Suppose moreover that {x,x') is an exceptional pair of D. Then it follows from 
the various definitions that (f)j^ e Ttx is trivial. Therefore the class of x — x' 
in J{k)/{J{k) {"£'}) is trivial, or, equivalently, the class cl{x — x') in J{k) falls 
in J(/c){S'}. On the other hand, by (iii), x ^ x' hold, or, equivalently (by the 
assumption that the genus of X is > 1), cl(^ — 'x') 7^ 0. 

Consider the morphism 5 : X x X ^ J, (P, Q) 1-^ cl(P — Q). We claim: 

Claim 1.9. (i) 5|xxx-(,(x) is injective (on /c-valued points), where 6 : X — > X x X 
is the diagonal morphism. 

(ii) The image W oib does not contain any translate of positive-dimensional abelian 
subvariety of J. 

Indeed, for (i), suppose that (P, Q), (-P', Q') e (X x X - i{X)){k) have the same 
image under 8. Namely, the divisors P — Q and P' — Q' are linearly equivalent: 
P~Q ~ P' — Q', or, equivalently, P+Q' ~ P' + Q. Since we have assumed that X is 
of genus > 1 and non-hyperelliptic, this implies that P+Q' and P'+Q coincide with 
each other as divisors. This implies that either P = P' ,Q = Q' or P = Q, P' = Q' 
holds. The former implies that (P, Q) = (P', Q'), as desired, and the latter implies 
that {P,Q),{P' ,Q') e t(X), which contradicts the assumption. For (ii), suppose 
that W contains a translate B' of some positive-dimensional abelian subvariety B of 
J. As dim(VF) < dim(X x X) = 2, we have dim(P') < 2, i.e., either dim(P') = 2 or 
dim(S') = 1. The former implies that B' = W, since W is irreducible of dimension 
< 2 as the image of X x X. Since e 1^ = P', we conclude W = B' = B. Now, 
since J is generated by VF, we must have J = B. This implies that the genus of 
X (i.e., dim(J)) is 2, which implies that X is hyperelliptic. This contradicts the 
assumption. So, suppose dim(P') = 1. By (i), we see that 6 induces a bijective 
morphism X x X — A(X) W — {0}. From this, we deduce that there exists a 
finite radicial covering B" of B' that admits a non-constant morphism to X x X. 
In particular, considering a suitable one of two projections, we see that B" admits 
a non-constant morphism to X. This is absurd, since the genus of B" (respectively, 
X) is 1 (respectively, > 1). This completes the proof of Claim 1.9. 

By Claim 1.9(ii) and [Boxall] (which is the most nontrivial ingredient of the proof 
of Proposition 1.8), we see that W(k) n (J(^){S'}) is finite. Now, by Claim 1.9(i), 
we conclude that there exists a finite subset 5 of (X x X){k) that contains any pair 
{x,x') as above. This implies the desired assertion that 'p{E^) is a finite set. 
(vii) Note that p{Ejj) can be identified with Ejj/Ilij by (v). Thus, the assertion of 
(vii) directly follows from (vi) and the first part of (iv). □ 

Definition 1.10. We define Ejj to be the image of Efj in X*^'. (This can be 
identified with E^/Ilu. Thus, if S is cofinite, then it is finite by Proposition 
1.8(vi).) 

Corollary 1.11. (i) Du^lx'^^-Eu '■ -^'^^ — Eu — ^ Sub(nt/)ni7 is injective. 
(ii) Eu is disjoint from S. (Or, equivalently, Eu C W^^.) 
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Assume, moreover, that E is cofinite. Then: 
(iii) '■ X'^^ Sub{Ilu)uu almost injective. 

Proof, (i) As -D|(^^-)ci_£;_ : {XuY^ — — > Sub(n[/) is injective by definition and 
Hfj-equivariant, its quotient by n^/, which is naturally identified with |x<=i-£c/ • 
X^^ — Ejj Sub(n[/)n[/, is also injective. This completes the proof. 

(ii) This follows from Proposition 1.8(ii). 

(iii) This follows from (i) and the fact that Eu is finite (Proposition 1.8(vi)). □ 
Corollary 1.12. (i) For each x e U'^^, pijj induces an injection 

CuuiEi) ^ Gfe, 

and we have 
and 

{Cuu{E>x) ■■ Ds) < oo. 
//, moreover, x e C/°^ — Efj, we have 

CiiuiDx) = NuuiDx) = ZuuiDx) = Di. 

(ii) For each x e Su, we have 

Cnu{E>x) = NuADx) = Ds, Zn^{Ds,) = Zd,{Ds,) 

and 

Cuuilx) = Nuuilx) = E)x, Zllu{lx) = Z£)-(/j). 

(Note that, if Tj is cofinite, then Zd^{Dx) = 1 and Zd^{Ix) — Ix by Lemma 1.1.) 

(iii) Assume, moreover, that S is cofinite. Then there exists an open subgroup 
Gq of Gk, such that, for any open subgroup H of ^tJj^{Gq) and any element x of 
{XuY^ = U'^^USu, we have 

Ch{Ds nH) = Nh{Ds nH)^DsnH, 

Ds, n H, for X e U''\ 



ZniDsDH) = 



{1}, forxeSu. 



In other words, if we replace U by a covering corresponding to such H , we have, 
for any x e {XuY^, 

Cuu{E>x) = Nu^{Ds) = Ds, 



ZuuiDx) 



Ds, forxeU'\ 
{1}, forxeSu- 



Proof. First, since -D|(j^j^)ci_^^ : (Xu) — Efj — > Sub(n[/) is injective and Jlu- 

equivariant, we see that Cyi^j^D^:) = holds for any x G {XuY^ — E^. 

(i) The first assertion follows from Lemma 1.7. The second assertion follows from 

the first assertion and the fact shown at the beginning of the proof. 
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(ii) Let X G Su- Then, x ^ E^j by Proposition 1.8(ii). Thus, we have Cny(-Dx) = 
7Vny(^x) = Ds:. From this, we also have Zuu^Di) = ^^-(L'i). 

Next, by Proposition 1.8(i), the map /|^^ : Su — ^ Sub(nc/) is injective. Since this 
map is also 11 [/-equi variant, we see that Cuui^x) — D^. As Cuui^x) ^ Nu,j{Ix) ^ 
Dx, we have Nuuih) = D^. Prom this, we also have Znuih) = Zds,{Ix)- But this 
last group coincides with 1$ by Lemma l.l(ii). 

(iii) Define Go to be the intersection (in G^) of (jfc(x) for x G Ejj. Since Ejj is finite 
by Proposition 1.8(vi), Gq is an open subgroup of G^. By (i) and (ii), it is easy to 
see that this Go satisfies the desired properties. □ 

Next, we shall show that various invariants and structures of U can be recovered 
group-theoretically (or (^-group-theoretically) from Ilu, in the following sense. 

Definition 1.13. (i) We say that H = (H, A, (pu) is a </3-(profinite )group, if H is a 
profinite group, A is a closed normal subgroup of II and ipu is an element of 11/ A. 
(ii) An isomorphism from a (/?-group II = (II, A, (/Jn) to another (^-group II' = 
(n'. A', ipn') is an isomorphism II ^ II' as profinite groups that induces A ^ A', 
hence also II/A ^ II'/A', such that the last isomorphism sends ^pu to pu'- 

From now on, we regard Uu as a (/7-group by Uu = {Uu, Ajj, pk), where (fk 
stands for the ^{k)-th power Frobenius element in Gk = Hu/^u- We shall say that 
an isomorphism a : Uu — * Hu' as profinite groups is Frobenius-preserving, if a is 
an isomorphism as (^-groups. 

Definition 1.14. (i) Given an invariant F(U) that depends on the isomorphism 
class (as a scheme) of a hyperbolic curve U over a finite field, we say that F{U) can 
be recovered group-theoretically (respectively, <^-group-theoretically) from Ilf/, if 
any isomorphism (respectively, any Frobenius-preserving isomorphism) Uu Ily 
implies F{U) = F{V) for two such curves [/, V. 

(ii) Given an additional structure J-'{U) (e.g., a family of subgroups, quotients, el- 
ements, etc.) on the profinite group Uu that depends functorially on a hyperbolic 
curve U over a finite field (in the sense that, for any isomorphism (as schemes) 
between two such curves U, V, any isomorphism Uu — Hy induced by this isomor- 
phism U V (unique up to composition with inner automorphisms) preserves the 
structures J^{U) and JF(1/)), we say that J-'{U) can be recovered group-theoretically 
(respectively, (/?-group-theoretically) from Ilu, if any isomorphism (respectively, any 
Frobenius-preserving isomorphism) Uu Hv between two such curves U, V pre- 
serves the structures J^{U) and J^{V). 

Proposition 1.15. I. The following invariants and structures can be recovered 
group-theoretically from Uu ' 

(i) The subgroup Au ofllu, hence the quotient Gk = Hu/Au- 

(ii) The subsets S and T,'^ of ^primes. 

II. The following invariants and structures can be recovered p- group-theoretically 
from Uu-' 

(iii) The prime number p. 

(iv) The cardinality ^{k) (or, equivalently, the isomorphism class of the finite field 

k). df - - f 

(v) The genus g — gx of X and the cardinality r = ru ^ '^li'S), where S X — U . 
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(vi) The kernel Ijj of the natural surjection Ilu Tlx ( which coincides with the 
kernel of the natural surjection Ajj — > Ax), hence the quotients Tlx = ^u/Iu, 
Ax = Au/Iu- 

(vii) The cardinalities ^{X {k)) , ^{U{k)) and^{S{k)). 

III. Assume, moreover, that E is cofinite. Then the following structure (hence also 
(iii)-(vii) above) can be recovered group-theoretically from Ilu ■' 

(viii) The ^{k)-th power Frobenius element ipk & Gk- 

Proof, (i) Similar to [Tamagawal] , Proposition (3.3) (ii). (See also [Mocliizuki2] , 
Theorem 1.16(ii).) 

(ii) Note that A^'' is isomorphic to (^^^^Sg+r+fe-i ^ where b = bu stands for 
the second Betti number of U, i.e., 6 = 1 (respectively, 0) if r = (respectively, 
r > 0), and c stands for the p-rank of the Jacobian variety of X (respectively, 0) 
if p e E (respectively, p ^ E). (See, e.g., [Tamagawal], Corollary (1.2).) Here, we 
always have 25r + r + 6 — l>c>0. If, moreover, p e E and if we replace II;/ by 
a suitable open subgroup, then we have c > 0. (See, e.g., [Tamagawal], Lemma 
(1.9). See also [Tamagawa2], Remark (3.11).) From these, it is easy to see that 
E and E^ can be recovered group-theoretically from n^r. (See also [Mochizuki2] , 
Theorem 1.16(i).) 

(iii) By conjugation, Gk = Hu/Au acts on {A^)^\ hence on the rankest ((A^^)^^)- 

th exterior power A|eT(A^'^)^ . Thus, we obtain (purely group-theoretically) the 
character 

max 

p^-' : Gk ^ Aut(/\ (A-b)^^) = (Z^^)x. 



As in the proof of [Tamagawal], Proposition (3.4) (i), we have p'^^^ = €x^^'^^~^ , 
where XEt is the pro-E^^ cyclotomic character and e is a certain character (depending 
on U) with values in {±1}. Now, p can be characterized by p'^®*(<^fc) e (c 
Z^^)^). (See also [Mochizuki2], Remark 1.18.3.) 

iv) Similar to [Tamagawal], Proposition (3.4) (iii). (See also [Mochizuki2] , Remark 
..18.3.) 

v) Similar to [Tamagawal], Proposition (3.5). (See also [Mochizuki2] , Theorem 
•16(i).) 

vi) Similar to [Tamagawal], Proposition (3.7). 

vii) Similar to [Tamagawal], Proposition (3.8). More precisely, by the Lefschetz 
trace formula, we have, for any prime Z e E^, 

2 
i=0 



i + tt(fc), ^ = 0, 

2 

Y,{-iytT{^^'\H\Ax,Qi)), g>0, 

i=0 
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and 



2 
i=0 

2 

= ij(A;)^(-l)nr(^fe|iy^(C7,Q0) 

2 

Here, for a profinite group F, we define 

as usual. Thus, ^{X{k)) and ^{U{k)) can be recovered 97-group-theoretically. Fi- 
nally, \^{S{k)) can be recovered as \^{X{k)) - \^{U{k)). 

(vni) First, in the notation of the proof of (iii) above, the image of {p'^^^)'^ = 
^2(g+n+6-i) open subgroup of the subgroup (p) of (Z^^)^ (topologically) 

generated by p. This characterizes group-theoretically the prime number p (in 
(E^)' = E' U {p}), by a theorem of Chevalley ([Chevalley], Theoreme 1). Next, 
define m to be the minimal positive integer with e (p'^'^^)^(Gfc) (c (Z^ )^). 
Then can be characterized by {p^^^)'^{(pk) — p'^. (See also [Mochizuki2] , Remark 
1.18.1.) □ 

Definition 1.16. (i) For each closed subgroup G of Gk, we denote by ka the 
subextension of in corresponding to G. Observe that, if G is open, then ko is 
a finite field. 

def def 

(ii) For each closed subgroup H of ![[/, we set Gh = P^ui^) = kcu- 
We denote by Uh the (pro-finite, pro-tame, geometrically pro-E) covering of U 
corresponding to H. Observe that, if H is open, then Uh is a hyperbolic curve over 
the finite field kn and H can be identified with Huh ■ 

(iii) Let be a closed subgroup of Ilu and G a closed subgroup of Gh- Then we 

set Hq =^ iiZ" n pr^^(G). Observe that Uhq can be identified with Uh Xkn ^G- 

(iv) For each open subgroup H of Ilu, we set 

iyu{H)''^'mH{kH)). 

Corollary 1.17. The map 0Sub(n;7) — > Z>o, H 1— > vu[H) can he recovered ^p- 
group-theoretically from Ilu . 

Proof. Since H = H-Uhj ^^^^ immediate from Proposition 1.15(vii). □ 

Finally, we shall prove that the set of decomposition groups in Uu can be re- 
covered group-theoretically from Ilu- First, we shall treat decomposition groups at 
points of Su- 
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Theorem 1.18. (i) The set of inertia groups at points of Su (i.e., the image of 
the injective map : Su — > Sub(A[7) C Sub(n;7)J can be recovered (p-group- 

theoretically from Uu. 

(ii) The set of decomposition groups at points of Su (i.e., the image of the injective 
map D\g^ : Su — Sub(n(7)J can be recovered ip- group-theoretically from Uu- 

Proof, (i) This is due to Nakamura. See [Nakamural] , §3 and [NakamuraS] , 2.1. 
(See also [Tamagawal] , §7, C.) Strictly speaking, Nakamura only treats the case 
over number fields, but his proof relies on Frobenius weights and the same proof 
goes well over finite fields. 

(ii) This follows from (i), together with Corollary 1.12(ii). □ 

Next, we shall treat decomposition groups at points of U^^. This is done along 
the lines of [Tamagawal], §2, but slightly more subtle than the case of [Tamagawal], 
due to the existence of the exceptional set Efj. 

Definition 1.19. (i) We denote by S{Ilu) (c Sub(n^)) the set of closed subgroups 
Z of Uu such that Gz is open in Gk and that prjy |^ : Z — > Gz is an isomorphism, 
(ii) For each open subgroup G of G^, we set 

S{Uu)g = {Z e S{Uu) I Gz = G}. 

Namely, S{IIu)g can be identified with the set of group-theoretic sections of the 
surjection pvu \{nu)G • i^u)G ^ G. 

Definition 1.20. Let Z be an element of S{Ilu)- 

(i) We define U{Z) to be the set of open subgroups of {IIu)gz ^^at contain Z. 

(ii) For each H e U{Z), we define m(if, Z) to be the number of elements s of (a 
complete system of representatives of) {U.u)gz / ^ such that s~^Zs C H. Note 
that this is a group-theoretic invariant. 

(iii) We denote by i>^[Z) the cardinality of Uz{kz)- (Note that Uz{kz) can be 
identified with the project limit of {UH{kz)}Heu{z)-) 

(iv) We denote by Uz{kz)* the set of points x of Uz{kz) such that the residue 
field of the image ol x inU coincides with kz- (Observe that this residue field is 
included in kz in general.) We denote by z^^(Z) the cardinality of Uz{kz)*- 

(v) We define Uz{k)^^ to be the union of Uza{kG) — Uz{kG) for all open subgroups 
G of Gz- (N.B. Since Uz is not of finite type over kz-, we have Uz{k)^'^ C Uzik).) 
We denote by Voo{Z) the cardinality of Uz{k)^^. Moreover, we define {UzY^'^^ to 
be the image of Uzik)^"" in {UzY^- 

Proposition 1.21. Let Z be an element of Sijlu). 

(i) Let G be an open subgroup of Gz and x a point of Uzaikc) C {UzaY^- Then 
there exists a unique point x G f/*^' above x. Moreover, contains Zq, and, in 
particular, is commensurate to Z . 

(ii) Let x e U'^^ and x the image of x in {UzY^- Then we have 

X e Uz{kz) ^ ZgDs, 
X e UzikzT ^ Z = Ds:, 

and 

X e {UzY^'^^ ■^=r- Z and are commensurate. 
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(iii) We have v^{Z) < Voo{Z) < J^oo{Z) and UooiZ) < uu{{IIu)gz) < ^■ 

(iv) Assume, moreover, that E is cofinite. Then we have V^q^Z) < oo. 

Proof, (i) Take any point x e U"^ above x. First note that fl Zq is the de- 
composition group at X in Zq. Thus, since x is /cc-rational, the image of H Zq 
by pff/ must coincide with G. Since pr^j induces an isomorphism Zq ^ G, this 
implies that n Zq coincides with Zq. It follows from this that contains Zq 
and that there exists only one point (i.e., x) of U above x. Finally, since Zq is open 
both in Z and in D^, is commensurate to Z. (For the latter openness, observe 
that pr;^ induces an isomorphism 'pTjj{D$) and that 'ptjj{Zq) = G is open 

in pYjj{Di).) 

(ii) First, suppose x e Uzikz). Then, by (i), Z C D^. Conversely, suppose Z C -D^, 
Then the decomposition group H Z at x in Z coincide with Z, which implies 
X e Uz{kz). 

Next, we define xu to be the image of x in C/^'. Suppose X eUz{kz)*. Then, 
by (i), Z C D^. By the definition of Uz{kz)*, we must have k{xu) = kz, or, 
equivalently, pru{D^) = prjj{Z). This implies = Z. Conversely, suppose 
Z = Dx- Then prij{D^) — pru{Z), or, equivalently, k{xu) = kz- This implies 
X e Uzikz)*. 

Finally, for each open subgroup G of Gz, denote by xq the image of x in {UzoY^- 
Then 

X e (C/z)'^'^^ 

<^=^ Xq e Uza{kza) for some open subgroup G of Gz 
<^=^ Zq C Dx for some open subgroup G of Gz 
<^=^ Z and Dx are commensurate. 

(iii) The first two inequalities are clear. To see the third inequality, it suffices to 
prove that the natural map Uz{kz) — ^ U(ji^-^^^{kz) is injective. For this, take 
x,x' G Uz{kz) and suppose that the images of x,x' in U(ji^-^^^{kz) coincide with 

each other. Take the unique points x.,x' G t/*^^ above x,x\ respectively. Then, by 
(i), Dx and D^i are commensurate to each other. On the other hand, since the 
images of x' in {U{y[^)^ coincide with each other and are A;^-rational, we see 

cl 

that their images in U must coincide with each other. It follows from these and 
Proposition 1.8(iii) that x = x! holds. Thus, x = x' holds, as desired. Finally, the 
fourth equality is clear. 

(iv) This follows from (ii) and Proposition 1.8(vii). (Observe that the natural 
surjective map Uz{k)^^ — > (UzY^'^"^ is quasi-finite.) □ 

Corollary 1.22. Let Z be an element of S(Ilu)- Then we have 

(i) There exists x G U^^ such that Z = Dg^ (respectively, Z C D^, respectively, 
Z is commensurate to D^), if and only if v^iZ) > (respectively, Voo{Z) > 0, 

respectively, Voo{Z) > 0). 

(ii) There exist more than one x G U'^^ such that Z is commensurate to D^, if and 
only ifV^{Z) > 1. 

(iii) There exists x G f/*^^ — Efj ( respectively, x G Efj ) such that Z = if and only 
ifVoo{Z) = ly^iZ) = 1 (respectively, vl^iZ) > and Voo{Z) > I). 

Proof, (i) This is immediate from Proposition 1.21 (ii). 
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(ii) By definition, VooiZ) > 1 if and only if z^oo(-^g) > 1 for some open subgroup G 
of Gz- Thus, the assertion follows from (the first statement of) Proposition 1.21 (ii) 
and (the uniqueness statement of) Proposition 1.21(i). 

(iii) It follows formally from (i) and (ii) that ^^{Z) > and UooiZ) > 1 (respec- 
tively, < 1) if and only ii Z = 0^ for some x e U^^ and Z is commensurate to 
for more than (respectively, at most) one x e U^^. This last statement is equivalent 
to saying that Z — for some x e E^j (respectively, x G — Ejj). This, to- 
gether with Proposition 1.21(iii) (or, more specifically, the fact I'^iZ) < u^^Z)), 
completes the proof. □ 

Proposition 1.23. Let Z be an element of S{Ilu)- 

(i) We have 

hm — , ^, = Uoo(Z). 

More precisely, there exists Hq e U{Z) such that, for any H e U{Z) with H C Hq, 
we have 

m{H,Z) ' 

In particular, Poo^Z) is a ^p- group-theoretic invariant. 

(ii) Set C ^ Cuu{Z), which is isomorphic to Z. Then we have 



d\N 



where N = {C : Z) , ^ {a^ \ a e C}, and fi stands for Mobius' function. 

In particular, ^^{Z) is a (f -group-theoretic invariant. 
(iii) We have 

sup u^{Zg) ^Voo{Z). 
GGOSub(G^) 

In particular, Vqq{Z^ is a ^p- group-theoretic invariant. 

Proof, (i) We define U(^jj^^^^{kz)°° to be the image of Uzikz) in U(^Yi^^^^{kz){= 
U{kz)). On one hand, the proof of (the third inequality of) Proposition 1.21(iii) 
shows that the natural surjection Uz{kz) — > U(^nu)Gz(^^)°° ^ bijection. On 
the other hand, since Uz{kz) = ^'^ncu{z) Unikz) and ^(Unikz)) < oo for each 
H e U{Z), we see that there exists Hq G U{Z) such that ?7(nc)G (^^)°° coincides 
with the image of Unoikz) in U(^yIu)gz i^'z)- 

Take any H G V({Z) with H C -f^o- Then each point of Unikz) is above some 
point of U(^Uu)g2;^^z^'^ ■ Moreover, for each point x G Uz{kz), take the unique 
point X G [/'^^ above x. Then, by Proposition 1.21(i), the decomposition group at 
X in {JIu)gz coincides with Z. From this, we see that m{H, Z) is defined so as to 
coincide with the cardinality of the fiber of the map Uuikz) — ^ U^n^j^^ (kz) at 
X{nu)G ' where X(^yIu)g image of x in U(^yIu)g i^z)- From these, we conclude 

that the quantity iyu{H)/m{H, Z) coincides with the cardinality i{U(^Yi^^^^ {kz)°°), 
as desired. 

(ii) First, by Lemma 1.7, we see that C G S{Ilu) and that C is isomorphic to Z. 

17 



Let X be a point of Uz{kz)- We claim that x Uz{kz)* if and only if there exists 
Z' e S{Uu) with Z' 2 Z, such that the image in {Uz'Y^ of x E Uz{kz) C {UzY^ 
is /c^' -rational. Indeed, to see the 'if part, observe that the natural morphism 
Uz U factors through Uz Uz'- Thus, if the image of x in {Uz'Y^ is kz'- 
rational, so is the image of x in t/'^', hence x ^ Uzikz)*- Conversely, suppose 
X ^ Uz{kz)* and take the unique point x e U'^^ above x. As the residue field of the 
image of x inU is strictly smaller than kz, the image of in Gk must be strictly 

larger than Gz- Now, it is easy to see from this that Z' = has the desired 
property. 

Now, consider Z' G S{Jlu) with Z' D Z. Then we have Z d Z' (Z C , which 
implies that Z' = C"^ for some (unique) d dividing N. We see Uz' = Uc Xkc ^z'l 
and, in particular, Uz = Uc Xkc kz- Thus, the image of x in {Uz'Y^ is A;^/-rational 
if and only if ,t G Uz{kz) = Uc{kz) falls in Uz'{kz') = Uc{kz')- 

These, together with the so-called inclusion-exclusion principle, imply the desired 
formula. 

(iii) Immediate from the definitions. □ 

Theorem 1.24. The set of decomposition groups at points of U'^^ (respectively, 
U^^ — Efj, respectively, Efy) (i.e., the image of the map -D|^ci : U"^^ — >■ Sub(n;7) (re- 
spectively, D\-Q^i_^_ : U'^^ — Eq- Suh{Ilu), respectively, D\eq ■ E^j —>■ Suh{Ilu))) 
can be recovered (p- group-theoretically from Tlu- 

Proof. This follows formally from Corollary 1.22 and Proposition 1.23. □ 

Corollary 1.25. The set of decomposition groups at points of {XuY^ (i.e., the 
image of the map D : {XuY^ — > Sub(n[/)^ can be recovered (p- group-theoretically 
from Ilu- 

Proof. This is immediate from Theorem 1.18(ii) and Theorem 1.24. (See also 
[Mochizuki2], Remark 1.18.2.) □ 

§2. Cuspidalizations of Proper Hyperbolic Curves. 

In this §, we review the main results of Mochizuki's theory of cuspidalizations of 
fundamental groups of proper hyperbolic curves, developed in [Mochizuki2] , which 
plays an important role in this paper. We maintain the notations of §1 and further 
assume X = U. (Thus, the finite set 5" in §1 is empty, and, in this §, we save the 
symbol S for another finite set of closed points of X .) Accordingly, X is a proper 
hyperbolic curve over a finite field k = kx- 

Recall that Ax stands for the maximal pro-S quotient of 7ri{X), that IIx stands 
for 7ri(X)/Ker(7ri(X) -» Ax), and that they fit into the following exact sequence: 

l^Ax^Ux^Gk^l. 

Similarly, if we write X x X X Xk X^ then we obtain (by considering the 
maximal pro-S quotient Axxx of ni{X x X)) an exact sequence: 

1 — AxxX — IIxxX — Gfe — > 1, 

where Ilxxx (respectively, Axxx) may be identified with IIx IIx (respectively. 
Ax X Ax). 
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Definition 2.1. (cf. [Mochizuki2] , Definition 1.5(i).) Let H he a profinite group 
equipped with a homomorphism H Tlx- Then we shall refer to the kernel Ih of 
H Ux as the cuspidal subgroup of H (relative to H ^ Tlx)- We shall refer to an 
inner automorphism of H by an element of Ih as a cuspidally inner automorphism. 
We shall say that H is cuspidally abelian (respectively, cuspidally pro-S*, where 
S* is a set of prime numbers) (relative to H ^ Tlx) if Ih is abelian (respectively, 
if Ih is a pro-E* group). If H is cuspidally abelian, then observe that H/Ih acts 
naturally (by conjugation) on Ih- We shall say that H is cuspidally central (relative 
to H ^ Tlx) if this action of H/Ih on Ih is trivial. Also, we shall use the same 
terminology for H — > IIx when IIx is replaced by Ax, Hxxx, or Axxx- 

For a finite subset S C X'^^ write Us X ~ S. Let A^^ be the maximal 
cuspidally (relative to the natural map to Ax) pro-S"*^ quotient of the maximal 
pro-S quotient of the tame fundamental group of Us (where "tame" is with re- 
spect to the complement of Us in X), and let Hus be the corresponding quotient 
7i'i(C^s)/ Ker(7ri(C/5) ^Us) of 7ri{Us)- Thus, we have an exact sequence: 

1 Tlijg Gk ^ 1, 

which fits into the following commutative diagram: 

Gk ^ 1 



1 - 


Aus - 






i 


i 


1 - 


Ax - 


Ux 



Gk ^ 1. 

Further, let t : X — > X x X be the diagonal morphism, and write 

Uxxx = XxX-tiX). 

We shall denote by Auxxx ^^e maximal cuspidally (relative to the natural map to 
Axxx) pro-E^^ quotient of the maximal pro-E quotient of the tame fundamental 
group of {Uxxx)k (where "tame" is with respect to the divisor l{X) C X x X), 
and by Uu^^^ the corresponding quotient 7ri(t/xxx)/Ker(7ri(?7xxx) ^ ^Uxxx) 
of 7ri(t/xxx)- Thus, we have an exact sequence: 

1 ^Uxxx ^Uxxx -^Gk ^ I, 

which fits into the following commutative diagram: 

1 ^Uxxx ^Uxxx Gk ^ I 

i i II 

1 — Axxx — ^ Hxxx — > Gfc — ^ 1- 

Finally, set 

Mx ^=i'Hom^,t(if'(Ax,i^'),i^'). 
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Thus, Mx is a free Z^^-module of rank 1, and Mx is isomorphic to iP^ (1) as a 
Gfc-module (where the "(1)" denotes a "Tate twist", i.e., Gk acts on via the 

cyclotomic character) (cf. [Mochizuki2], the discussion following Proposition 1.1). 

For the rest of this §, let X, y be proper, hyperbolic curves over finite fields 
kx, ky of characteristic px, Py, respectively. Let Ex (respectively, Sy) be a 
set of prime numbers that contains at least one prime number different from px 
(respectively, py)- Write Ax (respectively. Ay) for the maximal pro-Sx quotient of 
7ri(X) (respectively, the maximal pro-Ey quotient of tti (!")), and IIx (respectively, 
Ily) for the quotient 7ri(X)/Ker(7ri(X) -» Ax) of 'rTi{X) (respectively, the quotient 
7ri(r)/Ker(7ri(F) ^ Ay) of 7ri(r)). 

Let 

a : Tlx — > Hy 

be an isomorphism of profinite groups. 

The following is one of the main results of Mochizuki's theory (cf . [Mochizuki2] , 
Theorem 1.16(iii)). 

Theorem 2.2 (Reconstruction of Maximal Cuspidally Abelian Exten- 
sions). Let Lx : X X ^ X (respectively, Ly : Y ^ Y x Y) be the diagonal 

morphism, and write Uxxx '= XxX — i{X) (respectively, UyxY '= Y xY — t{Y)). 
Denote by Ilu^^^ 11^^^^, Il^/y^y -» 11^^^ ^ the maximal cuspidally (relative 
to the natural surjections ^Uxxx ^ ^Xxx, ^Uyxy ^ ^YxY} respectively) abelian 
quotients. Then there is a commutative diagram: 

jjc-ab ^ jjc-ab 

Ux X X Uy X Y 



rj axa „ 



where a'^'^^ is an isomorphism which is well-defined up to cuspidally inner auto- 
morphism (i.e., an inner automorphism o/ H^^^^ by an element of the cuspidal 
subgroup Ker{Il'fJ^^^ ->*IIyxy))- Moreover, the correspondence 

a ^ a""-^^ 

is functorial (up to cuspidally inner automorphism) with respect to a. 
Proof. See [Mochizuki2] , Theorem 1.16(iii). □ 

In this and next §§, we sometimes refer to the decomposition group as the 
decomposition group of Tlx at x, and denote it simply by D^. Thus, is well- 
defined only up to conjugation by an element of IIx- 

For the rest of this §, we shall assume that a is Frobenius-preserving (cf. Def- 
inition 1.14). (Note that this assumption is automatically satisfied in the case 
where Ex and Ey are cofinite by Theorem 1.15(viii).) Thus, by Theorem 1.24, one 
deduces naturally from a a bijection 

(j) : X""^ - Ex ^ F^' - Ey 

such that 

holds (up to conjugation) for any x e X^^ - Ex- (Note that Ex (respectively, Ey) 
is a finite set by Proposition 1.8(vi), if Ex (respectively, Ey) is cofinite.) 
As an important consequence of Theorem 2.2 we deduce the following: 
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Corollary 2.3. With the above assumptions, let S C X'^^-Ex, T C V^^ — Ey he fi- 
nite subsets that correspond to each other via (f). Then a, a'^'^^ induce isomorphisms 
(well-defined up to cuspidally inner automorphisms, i.e., inner automorphisms by 
elements o/Ker(n^^'^ ^liy)) 

„,c-ab . TTC-ab Trc-ab 

lying over a, where Us =^ X - S, Vt = Y - T, and Uus ^ n^^^^ jjy^ ^ U^^^, 
are the maximal cuspidally abelian quotients (relative to the maps Ilus Hx, 
Hvj, Hy, respectively) . These isomorphisms are functorial with respect to a, 
S, T, as well as with respect to passing to connected finite etale coverings of X, 
Y, which arise from open subgroups ofHx, Hy, in the following sense: Let ^ : 
X' ^ X ( respectively, rj : Y' ^ Y ) be a finite etale covering which arises from the 
open subgroup Ilx' ^ Hx (respectively, Ily Q ^y), such that a{Ilx') = Ily/; set 
U'g, X' - S', V^, = Y' - T, S' =^ C~HS), r = rj'HT); and denote by a' the 
isomophism Ilx' Hy/ induced by a. Then we have the following commutative 
diagram: 

\ c-ab 

nc-ab 'S',T'^ TTC-ab 

Tj, >■ liy/ 



where the vertical arrows are the natural maps. 

Proof. The proof of [Mochizuki2] , Theorem 2.5 (i) (where Ex = Ey = is assumed) 
works as it is. □ 

Next, let 

l^Mx^V^ Uxxx ^ 1 

be a fundamental extension, i.e., an extension whose corresponding extension class 
in HI^{X X X,Mx) (via the natural identification H'^iJlxxX.Mx) ^ H^ti^ x 
X,Mx) (cf. [Mochizuki2] , Proposition 1.1)) coincides with the first (etale) Chern 
class of the diagonal i{X) (cf. [Mochizuki2], Proposition 1.6). Let x, y e X{k) and 
write Dx , Dy C Ilx for the associated decomposition groups (which are well-defined 
up to conjugation). Set 

= V\D^ XG, Hx, Va,,y = V\Da, XG, Dy. 

Thus, Vj; (respectively, T>x,y) is an extension of Ilx (respectively, G^) by Mx- 
Similarly, if _D = 'Yli'^i-^ii ^ = ^jTij.yj are divisors on X supported on k- 
rational points, then set 



Vd =^ ^m^.I^a;,, T>D,E '^^^^mi.nj.'Dxi,y^ 

i,3 



where the sums are to be understood as sums of extensions of Ilx, respectively, 
by Mx, i.e., the sums are induced by the additive structure of Mx- 
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For a finite subset S G X{k), we shall write 



x€S 

where the product is to be understood as a fiber product over IIx- Thus, Vs is an 
extension of IIx by a product of copies of Mx indexed by the points of 5". We shall 
refer to Vs as the S'-cuspidalization of IIx- Observe that if T C X{k) is a finite 
subset containing S, then we obtain a natural projection morphism Vt — > T^s- 
More generally, for a finite subset S C X'^^ which does not necessarily consist of k- 
rational points, one can still construct the object T>s by passing to a finite extension 
ks of k over which the points of S are rational, performing the above construction 
over ks, and then descending to k. (See [Mochizuki2] , Remark 1.10.1 for more 
details.) 

Proposition 2.4 (Maximal Geometrically Cuspidally Central Quotients). 

(i) For S C X^^ a finite subset, the S -cuspidalization Vs of Tlx rnay be identified 

with the quotient ^ =^ n^/^/ Ker(A[/3 ^ A^^") ofUus, where A^^" is 

the maximal cuspidally central quotient of relative to the natural map Aug 
Ax. 

(ii) The fundamental extension V may be identified with the quotient Ilxxx 
^Uxlx ='nyxxx/Ker(A[/,,^ ^ A^^-^) ofUu,^,, where A^^-^ ^s the max- 
imal cuspidally central quotient of Ajj^^^ relative to the natural map Ajj^^^ 
Axxx- 

Proof. See [Mochizuki2] , Proposition 1.8(iii)(iv). (Precisely speaking. Proposition 
1.8(iii) loc. cit. only treats the special case where S C X{k) holds. However, the 
proof for the general case is easily reduced to this special case by passing to a finite 
extension of k. cf. Remark 1.10.1 loc. cit.) □ 

Remark 2.5. Let V (respectively, 8) be a fundamental extension of X (respec- 
tively, Y). The isomorphism a : Hx Hy induces an isomorphism: 



up to cyclotomically inner automorphisms (i.e., inner automorphisms by elements of 
Mx, My) and the actions of (/cj^)^^f , (/c^)^y, where {k^)'^x (respectively, (/cy)^^) 
is the maximal E^^- (respectively, Sy-) quotient of k^ (respectively, ky) (cf. [Mochizuki2] , 
Proposition 1.4(ii)). Moreover, let S C X*^^ — Ex and T C Y*^^ — Ey be as in 
Corollary 2.3 and write Vs (respectively, £t) for the S'-cuspidalization of IIx (re- 
spectively, the T-cuspidalization of Hy)- Then the isomorphism V ^ £ induces an 
isomophism 

Vs^St 

lying over a. 

On the other hand, let Hus n^j^" and Hvt ~^ ^Vt^ t)e the maximal geometri- 
cally cuspidally central quotients (here. Us X — S, Vt =^ y — T) (cf. Proposition 
2.4). Note that the isomorphism a.'g^ : H^^'^ —>■ Ily^^ in Corollary 2.3 naturally 
induces an isomorphism 

TTC-cn TTC-Cn 
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lying over ck, which is well-defined up to cuspidally inner automorphism. Now, by 
Proposition 2.4(i), H^^"^ (respectively, Hy^"^) may be identified with T>s (respec- 
tively, £t)- Thus, we deduce another isomorphism 

Vs^Et 

lying over a. 

Now, the above two isomorphisms between Vs and £t coincide with each other 
up to cyclotomically inner automorphisms and the actions of (A;^)^^, (fcy)^^. 

Another main result of Mochizuki's theory is the following, which allows us to 
recover (^-group-theoretically the maximal cuspidally pro-Z extension of Tlx , in the 
case where the set of cusps consists of a single rational point. 

Theorem 2.7 (Reconstruction of Maximal Cuspidally Pro-Z Extensions). 

Let e X{kx), y* e Y{kY), and set S =^ {x^}, T =^ {y*}, Us =^ X - S, 

Vt '= Y — T. Assume that the Frobenius-preserving isomorphism a : Tlx — 
maps the decomposition group ofx^ in Hx (which is well-defined up to conjugation) 
to the decomposition group of in Ily (which is well-defined up to conjugation). 
Then, for each prime I e S"*" (thus, I ^ p), there exists a commutative diagram: 



Ux Uy 

in which -» H^^, 11^ ^ are the maximal cuspidally pro-l quotients 

(relative to the maps Ilug -» Hx, ^ ^y, respectively) , the vertical arrows are 
the natural surjections, and a'^"' is an isomorphism well-defined up to composition 
with a cuspidally inner automorphism (i.e., an inner automorphism by an element 
o/Ker(n^^ Tiy)), which is compatible relative to the natural surjections 

where the subscript "c-ab, I " denotes the maximal cuspidally pro-l abelian quotient, 
with the isomorphism 

„,c-ab . TTC-ab ~ Trc-ab 

in Corollary 2.3. Moreover, a^'^ is compatible, up to cuspidally inner automor- 
phisms, with the decomposition groups of x^, in H^^^, n^^. □ 

Proof. See [Mochizuki2], Theorem 3.10. □ 

§3. Kummer Theory and Anabelian Geometry. 

We maintain the notations of §2. If n is an integer all of whose prime factors 
belong to then we have the Kummer exact sequence 

1 ~^ A*n ~^ ~^ '^m I7 

where — is the n-th power map. We shall identify /i^ with Mx/nMx 
according to the identification in [Mochizuki2] , the discussion at the beginning of 
§2. 

23 



Consider a subset 

E C 

(We will set E = Ex eventually, but E is arbitrary for the present.) Let S C X^^—E 
be a finite set. If we consider the above Kummer exact sequence on the etale site 

def 

of Us = X — S and pass to the inverse limit with respect to n, then we obtain a 
natural homomorphism 

(cf. loc. cit.). (Note that here it suffices to consider the group cohomology of 
Hug (i.e., as opposed to the etale cohomology of Us), since the extraction of n-th 
roots of an element of T{Usj C^Us) yields finite etale coverings ofUs that correspond 
to open subgroups of Tius-) Observe that this is injective if E''' = primes — {p}, 
since the abelian group T{Us, ^Us^ finitely generated and free of p-torsion, hence 
injects into its pro-prime-to-p completion. 

In particular, by allowing S to vary among all finite subsets of X'^^ — E, we obtain 
a natural homomorphism 

s 

where 

""^^ {feK^\ sup(div(/)) n E = 0} 

is the multiplicative group of the units in the ring Oe of functions on X which are 
regular at all points of E. (Here, Kx denotes the function field of X.) Observe 
that this is injective if = ^primes — {p}. 

Proposition 3.1 (Kummer Classes of Functions). Suppose that S C X^' — E 
is a finite subset. Write 

A ^ AC-ab AC-cn 

for the maximal cuspidally abelian and the maximal cuspidally central quotients, 
respectively, relative to the map A[/g Ax, and 

for the corresponding quotients ofHus (i-^-, ^ n^/g/ Ker(A[/g -» A^J^^), 

jjc^cn 4|f n[;^/Ker(A[75 ^ ^uT))- Vxe X^\ then we shall write 

for the decomposition group at x in Ilug (which is well-defined up to conjugation), 

and Ix[Us] =^ Dx[Us] H A^/g for the inertia subgroup of Dx[Us]- Thus, when x E S 
we have a natural isomorphism of Mx with Ix[Us] (cf. [Mochizuki2] , Proposition 
1.6 (a) (Hi)). Then: 

(i) The natural surjections induce the following isomorphisms: 

H^WjJl^, Mx) ^ H^W^jf, Mx) ^ H\Uus,Mx) 
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In particular, we obtain the following natural homomorphisms: 

T{Us, O^J ^ H\U'uT^ ^x) ^ i?'TOf , Mx) ^ H\Uus,Mx), 

Ol ^ % iy'TO^' ^x) ^ % i^'TOf , Mx) ^ \m H\Uus,Mx), 
s s s 

where S varies among all finite subsets of X — E. 

These natural homomorphisms are injective, if, moreover, = ^Primes - {p}. 

(ii) Restricting cohomology classes ofHus to the various Ix[Us] for x e S yields a 
natural exact sequence: 

1 ^ (A;X)Et ^ Hl^j^^^^Mx) ^ ( © Z^') 

(where we identify Hom.^^^ [I x\Us\,Mx) with iP^ ). Moreover, the image (via the 
natural homomorphism given in (i) ; ofT{Us, O^^) in H^{Uus,Mx) is equal to the 
inverse image in H^(nus, Mx) of the submodule of 

(©Z)C(©Z^') 

determined by the principal divisors (with support in S). A similar statement holds 
when lius replaced by or H^^^. 

(iii) If f eViUs^O^^), write 

kY"^ e H^WfJl^, Mx), e H^Wfjf, Mx), Kf e H\Uus,Mx) 

for the associated Kummer classes. Ifx G {X'^^ — E) — S, then Dx[Us] maps, via the 
natural surjection -» Gk, isomorphically onto the open subgroup Gk(x) Q G^ 
(where k{x) is the residue field of X at x). Moreover, the images of the pulled back 
classes 

4"b.[t/s] = «r'l^.[t/.] = ^f\D.[Us] e H\D4Us],Mx) H\Gkix),Mx) 

~ ikix)"")^^ 

in {k{x)^)^^ are equal to the image in (/c(a;)^)^^ of the value f{x) e k{x)^ of f at 

X. 

Proof. See [Mochizuki2] , Proposition 2.1. (Strictly speaking, Proposition 2.1(ii) 
loc. cit. only treats the case where S C X{k)., but the same proof works well for 
the general case.) □ 

Remark 3.2. (cf. [Mochizuki2] , Remark 2.1.1.) In the situation of Proposition 
3.1(iii), assume x G X[k) and S C X[k) for simplicity. If we think of the extension 
ng:™ of IIx as being given by the extension Vs, where "D is a fundamental exten- 
sion of Ilxxx (cf. Proposition 2.4(i)), then it follows that the image of Dj;\Us\ in 
-Qc-cn j^g^y ]-,g thought of as the image of Dj;\Us\ in Vs- This image of Dx\Us\ in T^s 
amounts to a section of Vs -» -» G^ lying over the section '■ Gk — > Hx corre- 
sponding to the rational point x (which is well-defined up to conjugation). Since Vs 
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is defined as a certain fiber product, this section is equivalent to a collection of sec- 
tions (regarded as "cyclotomically outer homomorphisms" , i.e., well-defined up to 
composition with an inner automorphism of 'Dy^x by an element of Ker {T>y^x ^ ^fc)) 

where y ranges over all points of S. Namely, from this point of view. Proposition 
3.1(iii) may be regarded as saying that the image in = (/c^)^^ of the 

value f{x) of the function / e V(UsiO^^) at a; e X{k) may be computed from 
its Kummer class, as soon as one knows the sections 7^^^; : — > T^y,x foi' U ^ S. 
Observe that "jy^x depends only on x, y, and not on the choice of S. 

Definition 3.3. (cf. [Mochizuki2] , Definition 2.2.) For x,y E X{k) with x y,we 
shall refer to the above section (regarded as a cyclotomically outer homomorphism) 

as the Green's trivialization of V at {y,x). If D is a divisor on X supported on 
A;-rational points 7^ x, then multiplication of the various Green's trivializations for 
the points in the support of D yields a section (regarded as a cyclotomically outer 
homomorphism) 

lD,x '■ Gk 'Dd,x 

which we shall refer to as the Green's trivialization of T> at {D,x). 

Definition 3.4. (cf. [Mochizuki2] , Definition 2.4.) Let the notations and the 
assumptions as in Corollary 2.3. 

(i) Write V (respectively, S) for the fundamental extension of IlxxX (respectively, 
Hyxr) that arises as the quotient of U'fj^^^ (respectively, H^^^^) by the kernel of 
the maximal cuspidally central quotient A^^*^^ A^^^"^^ (respectively, A^^*^^ 
A^^"^^) (cf. Proposition 2.4(ii)). The isomorphism a^'^^ induces naturally an 
isomorphism: 

^c-cn . p ^ £: 

We shall say that a is (5", T)-locally Green-compatible outside exceptional sets if, 
for every pair of points (xi, ^2) G X{kx) x X{kx) corresponding via (/> to a pair of 
points (1/1,2/2) e Y{kY)xY{kY), such that a;i e {X''^-Ex)-S, yi e {Y''^-Ey)-T, 
X2 e 5, j/2 G T, the isomorphism 

^xi,x2 ^ <-'yi,y2 

(obtained by restricting a'^''^"- to the various decomposition groups) is compatible 
with the Green's trivializations. We shall say that a is (5", T)-locally principally 
Green-compatible outside exceptional sets if, for every point x e X{kx) H S and 
every principal divisor D supported on /cx -rational points x contained in — 
Ex, corresponding via to a pair (j/, E) (so y e Y{kY) fl T), the isomorphism 



obtained from a^''^"^ is compatible with the Green's trivializations. 
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(ii) We shall say that a. is totally globally Green-compatible (respectively, totally 
globally principally Green-compatible) outside exceptional sets if, for all pair of 
connected finite etale coverings ^ : X' ^ X ^ r\ : Y' ^ Y that arise from open 
subgroups IIx' C IIx, Hy C Ily, corresponding to each other via a, then for any 
subset S C X'^' — Ex that corresponds, via 0, to T C y — Ey the isomorphism 

induced by a is (S", T')-locally Green-compatible (respectively, (5", T')-locally prin- 
cipally Green-compatible) outside exceptional sets, where 5" =^ ^"^(S") C X 
T' =^?7~^(T) (ZY are the inverse images of 5", T, respectively. 

Remark/Definition 3.5. Let J = Jx be the Jacobian variety of X. Let \^\m\_-^^ 
be the group of degree zero divisors on X which are supported on points in X — Ex- 
Write Dx-Ex for the kernel of the natural homomorphism Divx_s^ — > J{k)^. 
Here, J{k)^ stands for the maximal S-quotient J{k) /{J{k){Il'}) of J{k), where, 
for an abelian group M, M {E'} stands for the subgroup of torsion elements a of 
M such that every prime divisor of the order of a belongs to S'. Then Dx-Ex ^^^^ 
naturally in the following exact sequence: 

^ Pvix-Ex ^ Dx-Ex ^ Jik){^'} ^ 0, 

where Frix-Ex =^ ^e /^^ stands for the group of principal divisors supported in 
X — -Ex- 
Theorem 3.6 (Reconstruction of Functions) . In the situation of Theorem 2.2, 

assume that a is Frobenius-preserving. Write E =^ Ex = Ey and p =^ px = Py 
(cf. Proposition 1 . 1 5 (ii) (Hi) ) . Then: 

(i) The bijection (j) : X'^^ — Ex — * Y'^^ — Ey induced by a (where Ex and Ey are the 
exceptional sets) induces a natural bijection between the groups Dx-Exj Dy^Ey- 

(ii) Assume, moreover, = primes — {p}. Then the bijection in (i), together with 
the isomorphisms in Corollary 2.3, induces naturally an injective homomorphism 

where p^ is the exponent of the p-primary abelian group Jy(fcy){S'}. 

Moreover, this injective homomorphism ^ (C'^y)^ is functorial in X, 

Y, in the following sense: if ^ : X' ^ X is a finite etale covering, arising from an 
open subgroup Hx' ^ fix, which corresponds to a finite etale covering rj : Y' ^ Y 
via a (thus, Ily = a{Ilx' )), then we have a commutative diagram: 



o^Ex — > i^E.r^ 

where Ex' =^ i~^{Ex), Ey/ =^ r]~^{Ey), p^ > p^ is the exponent of the p-primary 
abelian group Jy'{ky'){T,'}, and the vertical arrows are the natural embeddings. 
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Proof, (cf. [Mochizuki2], Theorem 2.5(ii).) 

(i) First, (p induces naturally a bijection Divx-Ex ~^ Divy_^y . Second, the natural 
homomorphism Dw^_^^ — > J{kx)^ can be recovered (/7-group-theoretically from 
IIx- (Observe the pro-E version of [Mochizuki2] , Proposition 2.3(i). See also the 
discussion before Proposition 2.3 loc. cit.) Thus, a induces naturally a commutative 
diagram: 

where the vertical arrows are the isomorphisms induced by a. From this diagram 
we deduce naturally an isomorphism Dx-Ex ~^ Dy-Ey between the kernels of the 
horizontal arrows. 

(ii) From the isomorphism Dx-Ex ~^ Dy-Ey we deduce naturally an embedding 
(Prix-Ex ^ Ptiy-Ey 1 from which we deduce an embedding (C^ ^ {O^ ) 
by Corollary 2.3 and Proposition 3.1(i)(ii). Finally, the desired commutativity of 
diagram follows easily from the functoriality of Kummer theory. □ 

Theorem 3.7 (Totally Globally Principally Green-Compatible Isomor- 
phisms Outside Exceptional Sets). In the situation of Theorem 3.6, assume 
further that E"'" = ^Primes — {p), and that a is totally globally principally Green- 
compatible outside exceptional sets. Then a arises from a uniquely determined 
commutative diagram of schemes: 

X Y 



X Y 

in which the horizontal arrows are isomorphisms and the vertical arrows are the 
profinite etale coverings determined by the groups Tlx, ^y- 

Proof, (cf. [Mochizuki2] , Corollary 2.7, Remark 2.7.1.) Let Z 7^ p be a prime num- 
ber and let kJ'xi (unique) -extensions of kx, ky, respectively. Let X', 
Y^ be the normalizations of X, y in Kxkx, KykY, respectively. The exponents 
of the p-primary abelian groups Jxik^x){^'}i '^■^(^y)!^'} of Jx{kx), ^Yiky), re- 
spectively, are finite (cf. [Rosen], Theorem 11.6). So, write p'^° for the exponent 
of Jy(A;y){S'}. By passing to the limit over the finite extensions of kx, ky con- 
tained in kx, ky, respectively, we obtain a natural embedding ^ ^ {O^ "° , 
where ^, ^ are the multiplicative groups of functions on X'', y', whose 

divisor has a support disjoint from Exi '= Ex Xkx ^xi ^y^ '= ^y Xky ^yi re- 
spectively (cf. Theorem 3.6(i)). (RecaU that Ex C Ey C Y^^ are finite 
by Proposition 1.8(vi).) The above embedding ^ ^ {O^ "° arises, by 

Proposition 4.4, from a uniquely determined embedding Kxi ^ Kyi ° of func- 
tion fields, where Kxh Kyi are the function fields of X', F', respectively. (Ob- 
serve that the value-preserving assumption in Proposition 4.4 is equivalent to the 
Green-compatibility assumption. See Remark 3.2. Observe also that X''{kx) is 
an infinite set by the Weil estimate on numbers of rational points of curves over 
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finite fields.) This embedding of fields restricts to the original embedding of multi- 
plicative groups O^^ ^ {OE^y~"° (i.e., the restriction of O^^^ ^ (C's^, )^~"°), 

hence to an embedding of fields Kx ^ Ky ° ■ Prom the construction in the 
proof of Theorem 3.6, the image of the emdedding ^ {O^ )p ° contains 

(0x^)p-o ^ ((C)X^)p-"°)p("°+'"°\ where p^o is the exponent of Jx(/!;^){S'}. Thus, 
the image of the embedding Kx ^ ° contains {K^ ° '"° = Ky ° ■ Prom 
this, we deduce that the embedding Kx ^ Ky ° is radicial and maps Kx iso- 
morphically onto Ky for some integer — no < s < mo. Thus, in particular, the 

original embedding O^^ ^ (^Sy)^ "° induces an isomorphism O^^ ^ (C'e^)^"- 
Now, it follows from the construction in the proof of Theorem 3.6 that the image 
Im(C^^) of in (C^^JP""" (i.e., (01^)^') must be "commensurate" to O^^ 

(that is to say, the intersection lm(0^^) fl has finite indices both in lm{0^^) 

and in O^^). This implies s = 0. That is to say, the embedding Kx ^ Ky is 
radicial and maps Kx isomorphically onto Ky- 

If ^ : X' — > X is a finite etale covering, arising from an open subgroup IIx' C 
Tlx, which corresponds to a finite etale covering r] : Y' ^ Y via a (thus, Ily = 
a{Ilx')), then the commutative diagram in Theorem 3.6(ii), together with the above 
argument, induces a commutative diagram of embeddings of fields: 

Kx' Kf:°' 

Kx Kr° 

where the vertical arrows are the natural embeddings, p*'^" , p"" stand for the ex- 
ponents of the p-primary abelian groups Jy'iky,), Jyiky), respectively (note that 
n'o > no), and the horizontal arrows are the embeddings obtained above. Applying 
the above arguments to IIx ^ and IIx' Hy/, we obtain t{Kx) = Ky, 
t'{Kx') — Ky. Thus, this diagram induces naturally a commutative diagram: 

Kx' — - — > Ky 



Kx ^ Ky 

where the vertical arrows are the natural embeddings and the horizontal arrows are 
isomorphisms of fields. By passing to the limit over all open subgroups of Ilx we 
obtain a natural commutative diagram: 

Kx Ky 



Kx ^ Ky 

where Kj^, Ky stand for the function fields of X, Y, respectively, the vertical 
arrows are the natural embeddings, and the horizontal arrows are isomorphisms of 
fields. This commutative diagram yields a commutative diagram of schemes in the 
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assertion of Theorem 3.7 with desired properties, (cf. the proof of [Tamagawal] , 
Theorem (6.3).) □ 

Proposition 3.8 (Total Global Green-Compatibility Outside Exceptional 
Sets). In the situation of Theorem 2.2, assume further that a is Frobenius-preserving . 
Then the isomorphism a is totally globally Green- compatible outside exceptional 
sets. In particular, if E is cofinite, then a is totally globally Green- compatible out- 
side exceptional sets. 

Proof. For the first assertion, the proof of [Mochizuki2] , Corollary 3.11 (where 
S'l' = ^rimes^ and Ex = Ey = are assumed) also works well in this case. (Thus, 
the main ingredient of the proof is Theorem 2.7.) The second assertion follows from 
the first, together with Proposition 1.15(viii). □ 

Theorem 3.9 (A Prime-to-p Version of Grothendieck's Anabelian Con- 
jecture for Proper Hyperbolic Curves over Finite Fields). Let X and Y 

be proper hyperbolic curves over finite fields kx, ky , respectively. Let Ex, Ey be 

subsets o/ primes, and assume E^ =^ Ex — {char(/cx)} = primes — {char(/cx)}, 

E^ =^ Ey — {char(/cy)} = primes — {char(/cy)}. Write Tlx, Hy for the geo- 
metrically pro-Tix etale fundamental group of X, the geometrically pro-Ey etale 
fundamental group of Y , respectively. Let 

a : Tlx — Ily 

be an isomorphism of profinite groups. Then a arises from a uniquely determined 
commutative diagram of schemes: 

X Y 



X Y 

in which the horizontal arrows are isomorphisms and the vertical arrows are the 
profinite etale coverings corresponding to the groups Tlx, Hy. 

Proof. Follows formally from Theorem 3.7 and Proposition 3.8. □ 

As a consequence of Theorem 3.9, we deduce the following: 

Corollary 3.10 (A Prime-to-p Version of Grothendieck's Anabelian Con- 
jecture for (Not Necessarily Proper) Hyperbolic Curves over Finite 
Fields) . Let U , V be ( not necessarily proper) hyperbolic curves over finite fields 

ku) ky, respectively. Let E[/, Ey be subsets of^timts, and assume eJ^ =^ E[/ — 

{char(A;[/)} = ^primes— {char(fc[7)}, E|^ =^ Ey — {char(A;v)} = primes— {char(A;v^)}. 
Write Ilu, for the geometrically pro-T^u tame fundamental group ofU, the ge- 
ometrically pro-Tiv tame fundamental group of V , respectively. Let 

a : Uu ^ 

be an isomorphism of profinite groups. Then a arises from a uniquely determined 
commutative diagram of schemes: 

U V 



U — ^ V 
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in which the horizontal arrows are isomorphisms and the vertical arrows are the 
profinite etale coverings corresponding to the groups Ilu, Ily- 

Proof. Let U' ^ U , V ^ V be any finite etale Galois coverings arising from the 
open normal subgroups Hu' ^ H^, Uy C Ily^ which correspond to each other 
via a, such that the smooth compactifications X', Y' of U' , V' , respectively, are 
hyperbolic, and that the coverings ^ : X' X , r] : Y' ^ Y , where X , Y are the 
smooth compactifications of U, V, respectively, are ramified above all the points 

of S =^ X - U, T Y - V, respectively. (Observe that such U' ^ U,V' 
are cofinal in the finite etale coverings arising from open subgroups of Ilu, Ily, 
respectively.) Thus, the isomorphism a : Uu ^ Ily restricts to an isomorphism 
a' : Iljj' Hv'- By Proposition 1.15(vi), a' induces naturally an isomorphism 
a' : Hx' Ily/ , which fits into the following commutative diagram: 

Hu' — - — n^/ 



Hx' ^ Ily 

in which the vertical maps are the natural surjections. 

By Theorem 3.9, the isomorphism a' arises from a uniquely determined commu- 
tative diagram of schemes: 

X' Y' 



X' 



Y' 



in which the horizontal arrows are isomorphisms and the vertical arrows are the 
profinite etale coverings corresponding to the groups IIx', riy. Since a' : Tlx' ^ 
Hy' is equivariant with respect to a : Uu — ^ Hy, this last diagram must be also 
equivariant with respet to a : Uu — ^ Tlv- Thus, by dividing by the actions of Uu, 
Hv, we see that it induces naturally a commutative diagram of schemes: 



X' 



X 



Y' 



-> Y 



The commutativity of this diagram forces the isomorphisms X' —>■ Y' and X ^ Y 
to preserve the sets of ramified points of ^, 77. Thus, by the choice of ^, rj, this 
diagram induces a commutative diagram of schemes: 



U' 



U 



v 



V 



Finally, by considering this last commutative diagram for any coverings U' —>■ U, 
y — > y as above, we obtain a commutative diagram of schemes in the assertion 
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of Corollary 3.10, with desired properties, (cf. the proof of [Tamagawal] , Theorem 
(6.3).) □ 

Finally, we deduce from our main result a prime-to-p birational version of Grothen- 
dieck's anabelian conjecture for function fields of curves over finite fields (see Corol- 
lary 3.11 below). 

Let X be a proper, smooth, geometrically connected curve over a finite field 
k = kx of characteristic p = px > 0. Let Kx be the function field of X. Let 

Gkx = Gal(K^P/Kx) be the absolute Galois group of Kx (where K^^ is a 
separable closure of Kx), which sits naturally in the following exact sequence: 

I^Gk^^ Gkx ^ Gfe = Gal(k/k) ^ 1, 

where Gk^ =^ Gal{K^^'^ / Kj^) is the absolute Galois group of the function field K^ 

of X =^ X Xk k, and Gk ^= Gal(/c//c) is the absolute Galois group of k (here, k is 
the algebraic closure of k in K^x^). Let be the maximal prime-to-p quotient 

of Gk^, and let G'j^^ ^ Gkx / ^^^{^k^^ ^ ^'k—) be the corresponding quotient 
of Gkx ■ We shall refer to as the geometrically pro-prime-to-characteristic 

quotient of Gkx- an important consequence of Corollary 3.10, we deduce the 
following prime-to-p version of Uchida's Theorem on isomorphisms between abso- 
lute Galois groups of function fields (cf. [Uchida]). 

Corollary 3.11 (A Prime-to-p Version of Uchida's Theorem). Let X, Y 

he proper, smooth, geometrically connected curves over finite fields kx, ky, respec- 
tively. Let Kx, Ky he the function fields of X, Y, respectively. LetGxx, 
he the ahsolute Galois groups of Kx, Ky, respectively, and let G'j^_^, G'j^^ he their 
geometrically prime-to- characteristic quotients. Let 

« : G'kx G'ky 

he an isomorphism of profinite groups. Then a arises from a uniquely determined 
commutative diagram: 

{KxT {Ky)- 
Kx > Ky 

in which the horizontal arrows are isomorphisms and the vertical arrows are the 
extensions corresponding to the groups G'j^^ , G'j^^ , respectively. 

Proof. Following the arguments of [Uchida], Lemma 3 (involving Brauer groups), 
one can establish a bijection : X'^' ^ Y^^ such that a{Dx) = -^.^(x) holds for 
each X e X^', where stands for the decomposition group of G'j^^ at x (which is 
well-defined up to conjugation). Further, a(/x) = ^4>{x) ctlso holds for each x e X'^\ 
where stands for the inertia subgroup of by the same argument (involving 
local class field theory) as in the proof of Lemma 4 loc. cit. Let 5" C X'^^ be a 

finite subset such that U X — S is hyperbolic. Let T =^ (piS) and V Y — T. 
Then a induces naturally an isomorphism Ilu — ^ Hy between the geometrically 
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prime-to-characteristic quotients of 7ri{U), 7ri{V), respectively. The latter arises, 
by Corollary 3.10, from a uniquely determined commutative diagram of schemes: 

U V 



By considering this commutative diagram for all finite subsets S C X , T C Y 
as above, we obtain a commutative diagram of field extensions in the assertion of 
Corollary 3.11 with desired properties. □ 

Remark 3.12. In [Stixl] , [Stix 2] , Stix proved a certain relative version of Grothen- 
dieck's anabelian conjecture for hyperbolic curves over finitely generated fields. His 
proof relies on (the absolute version of) Grothendieck's anabelian conjecture for 
affine hyperbolic curves over the prime field, proved by Tamagawa in [Tamagawal] . 
Using the same arguments as in [Stixl], one should be able to prove a "prime-to- 
characteristic" relative version of Grothendieck's anabelian conjecture for hyper- 
bolic curves over finitely generated fields in positive characteristics, by reducing it 
to our main results in Theorem 3.9 and Corollary 3.10. 

Remark 3.13. Even after Theorem 3.9 and Corollary 3.10 are established, it is 
still unclear to the authors, at the time of writing, whether or not Ex = for 
Ex — primes — {char(/c)}. 

Indeed, following a standard way in anabelian geometry of approaching this kind 
of problem, let us consider the following tautological family of hyperbolic curves of 
type (gxA)- 

f:Uxxx=XxX-L{X)^X. 
Then / induces a right exact sequence: 

where F is a geometric fiber of / (which is a hyperbolic curve of type {gx, 1)), and 
A stands for the maximal pro-Ex quotient of the geometric fundamental group. 
Suppose that this right exact sequence is also left exact: 

1 ^ ^ Au^,, ^ Ax ^ 1. 

Then the sequence 

I^Af^ nu^^x ^ Hx ^ 1. 

is also exact, where 11 stands for the maximal geometrically pro-Ex quotient of the 
arithmetic fundamental group. Now, take x, x' G X{k) and suppose that D^, D^r C 
IIx coincide with each other (up to conjugation). Then, by pulling back the last 
exact sequence by D^, D^' C IIx, we can easily obtain the following commutative 
diagram: 

^X-{x} nx-{a;'} 



Hx Hx 
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Then, by Theorem 3.9 and CoroUary 3.10, we obtain the foUowing commutative 
diagram: 

X - {x} — ^ X - {x'} 



X = X. 

(Observe that the commutativity follows from the uniqueness assertion in Theorem 
3.9.) This implies X — X ^ ctS desired. 

However, it is unclear to the authors, at the time of writing, whether or not the 
above left exactness (i.e., the injectivity of Af ^ Ajj^^^) is valid. (Note that this 
is a purely topological (or even purely group-theoretical) problem.) 

§4. Recovering the Additive Structure. 

In this §, we investigate the problem of recovering the additive structure of 
function fields of curves. 

Let X, Y be proper, smooth, geometrically connected curves over fields kx, ky, 
respectively. Let X'^'^, be the set of closed points of X, Y, respectively. Let 
Ex C X''\ Ey C F"^ be finite subsets, and let 

: - Ex ^ y'^' - Ey 
be a (set-theoretic) bijection. Write 

Oe^ = {feKx\\/xe Ex, ord,(/) > 0}, 

OEy = {geKYiyye Ey, ovdyig) > 0}, 

where Kx, Ky denote the function fields of X, Y, respectively. These are the 
semi- local rings of functions on X, F that are regular at all points of Ex, Ey, 
respectively. Then we have 

(^E^ ={f^K^\ sup(div(/)) nEx = 0}, 

O^^ ^{geK^l sup(div(^)) nEY = 0}. 



Let 



be an embedding of multiplicative groups. 

Definition 4.1. The map t : ^ called order-preserving, relative to 

the bijection 0, if, for each x e X"^^ — Ex, we have a commutative diagram: 



rL/y 



ex 



where the right vertical map is the multiplication by a positive integer Sx on Z. 
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Definition 4.2. The map i : ^ is called value-preserving, relative to 

the bijection 0, if, for each x e X°^—Ex, there exists an embedding of multiplicative 
groups 

where k{x), k{(j){x)) are the residue fields of X, Y at x, 4){x), respectively, such 
that, for any / e O^^ with orda;(/) = 0, 

ord^(x)(4/)) = 0, iMi^)) = <fm^)) 

hold. 

Remark 4.3. (i) Assume that the map i is order-preserving relative to (f). Then 
L induces naturally an embedding k^ •— ^ ky of the multiplicative groups k^, ky 
of kx, ky, respectively. We extend this embedding to an embedding kx ky (of 
multiplicative monoids) by i— > 0. We denote this last embedding also by t. 
(ii) Assume that the map l is order-preserving and value-preserving relative to (j). 
For each x G X'^^ — Ex, we extend Lj; to an embedding k{x)U{oo} > k{4>{x))U{oo} 
by 0, oo H- > oo, and denote this last embedding also by l^- Then the equality 

^.(/(^)) = <fmx)) 

holds for any x e X^^ — Ex and any / e . 
Our aim in this § is to prove the following: 



Proposition 4.4 (Recovering the Additive Structure). Let t : O 




O^^ be an embedding of multiplicative groups which is order-preserving and value- 
preserving relative to a bijection : X'^^ — Ex Y'^^ — Ey, where Ex C X'^^, 
Ey C Y'^^ are finite subsets. Assume further that X{kx) is an infinite set. Then t 
arises from a uniquely determined embedding Kx ^ Ky of function fields. 

The rest of this § will be devoted to the proof of Proposition 4.4. Thus, we shall 
assume that the embedding 

is order-preserving and value-preserving relative to a bijection 

(j) : X""^ - Ex ^ y'^' - Ey, 

and that X{kx) is an infinite set, hence, in particular, kx is an infinite field. 

Lemma 4.5 (Recovering the Additive Structure of Constants). The map 

i preserves the additive structure of the constant fields kx, ky, respectively, i.e., 

i(A + //) = i(A) + t(/i) 

holds for any X, n E kx (cf. Remark 4-3(i)). 

Proof. Fix a point xq G X"^^ — Ex- Then, by the Riemann-Roch theorem, we can 
find a non-constant function / G such that the pole divisor div(/)oo is in the 

form oi n ■ Xq for some integer n > 0. Next, observe that / + a G holds for 

infinitely many a E k^ (namely, for any ct G /cj^ — ({— /(^c) | x G Ex} H /c^)). For 
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a E with f+a e , we shall analyze the divisor of the function i{f+a) — i{f). 
(Observe that i{f -\-a) — i{f) 7^ 0, since t is injective.) We claim: (i) the support of 
the divisor div(6(/ + a) — /-(/)) is contained in {^(xq)} U Ey, and (ii) the support 
of the pole divisor div(6(/ + ct) — t(/))oo is contained in {^(xo)}. Indeed, let 
X e X'^' - {Ex U {xo}), and let y = cpi^x). Then, ordy(i(/ + a)) = ea;Ord2,(/) > 
and ordy(i(/)) = ea;Orda;(/) > 0. Moreover, L{f + a){y) 7^ t'{f){y) as follows from 
the value-preserving assumption, since [f + a){x) 7^ f{x). Thus, y does not belong 
to the support of div(i(/+a;)— /,(/)), hence (i) follows. Next, as G C^^, 

we have t(/ + a) — e . Thus, t(/ + a) — has no poles in Ey, and (ii) 
follows. 

Further, the order of t(/ + a) — i(/) at the possible pole (f){xo) is bounded: 

ord0(^Q)(t(/ + a) - t(/)) > min(ord0(a.o)(t(/ + a)),ord0(a,(,)(t(/))) = -nea,(,. 

We deduce from this that there exists an infinite subset A G k^, such that / + o; e 
holds for all a E A, and that the divisor div(z,(/ + a) — t(/)) is constant for 
a E A (i.e., div(t(/ + a) — i{f)) (a G A) is independent of a). 
Let a, /9 G A with a ^ (3. Thus, 

^(/ + /3)-^(/) _ _,x 
^(/ + «)-^(/)~ 

Further, c = -1^, as is easily seen by evaluating the function at (f)(xi), 

where xi is a zero of /. (Observe xi ^ Ex-) Thus, we have the equality 

i{(3Mf + a)- i{f)) = i{aMf + 6(/)) 

which is equivalent to 

(*) ^(/)(^(«) - = ^{c^w + /?) - + «)• 

Let 



def def Pif + 0() 

(« - /?)/ 



Note that g — ''^^^^"^■^ ^ is non-constant, since / is non-constant. Moreover, we 
have 

We will show the identity L{g + 1) = i{g) + 1- Indeed, 

( ( ^ _ ^i<^w + /^) ^imf + (^) ^(«) - <P) 

'^^^ > i{a-(3)i{f) i{a-(3)i{f) i{a-(3) ' 

Moreover, 

i{a) - i{(3) ^ ^ 
i{a — (3) ' 

as follows by evaluating the function i(^ -|- 1) — i(^) at (f){x2), where X2 is a zero of 
g. (Observe X2 ^ Ex-) Thus, 



L{g + l)^L{g) + l- 
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Next, let X^jJL ^ kx, and we shall show the identity t(A + fj,) = l{X) + If 
one (or both) of A, n is 0, this identity clearly holds. So, we may and shall assume 

X, IJ, E and set =^ A/// e /c^. First, assume that 

r] ekx - {{gix) I X e Ex} n kx) 

and let G X'^^ be a zero of g — r]. Thus, xs ^ Ex, and, by evaluating the identity 
L{g + 1) = L{g) + 1 at (pix^), we obtain L{r]) + 1 — i{r] + 1). To show this equality for 
general r], we shall fix (/ and) j3 ^ A and make a& A — {/?} vary in the expression 
oi g = ga,p- More precisely, take any a e (A - {/?}) - {ia+i^ZM | ^ e Ex}. 
Then g = ga,f3 satisfies r] ^ kx — {{g{x) \ x e Ex} n kx)- Thus, by the preceding 
argument, we conclude that 

L{r]) + 1 = i(?7 + 1) 

holds in general. 
Finally, we obtain 

l{X + fj,) = L{fj,)L{r] + 1) = i{fJ,){i{v) + 1) = i{X) + iifi), 

as desired. □ 

Corollary 4.6. The map i : kx ~^ ky is an embedding of fields. 

Proof, i is multiplicative by definition and additive by Lemma 4.5. □ 

Corollary 4.7. For each x e X{kx) — Ex, the map '■ k{x) — > k{(j){x)) is an 
embedding of fields. 

Proof. For each x e X'^^ — Ex, consider the following diagram 

k{x) — — — >• k{(t){x)) 

kx — - — ky 

where the vertical arrows are evaluation maps. By the value-preserving property, 
this diagram is commutative. If, moreover, x e X{kx), we have kx — > k{x). Thus, 
Corollary 4.7 follows from Corollary 4.6. □ 

Next, let Z[C)^^], 1a[0^^] be the group algebras of the multiplicative groups 
^Sx' ^Ey^ respectively, over Z. The group homomorphism l : ^ O^^ 

extends uniquely to a ring homomorphism 

Namely, 

i i 

where Ui G Z, G O^^. Further, let Rx, Ry be the Z-subalgebras of Kx, Ky., 
respectively, generated by O^^, ^Ey^ respectively. Observe that Rx, Ry may be 
naturally regarded as factor rings of Z[0^ ], Z[C^ ], respectively. 
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Lemma 4.8. The ring homomorphism t' : Z[0^^] — > Z[0^^] induces a (unique) 
ring homomorphism lr : Rx — Ry- More precisely, The composite of i' : Z[Cg^] — > 
Z[(9^^] and the natural surjection Z[(!?^^] Ry factors through the natural sur- 
jectiolz[O^J^ Rx. 

Proof. Take any element 

i 

where rii G Z, G , such that the image Fx of F in Rx is 0. Then we have to 
show that the image Fy of F in Ry is also 0. To avoid confusion, we shall denote a 
sum in a ring R by means of ^ i?. Then the assumption Fx = can be expressed 
as the equality 

Rx IT'ifi = 0- 

i 

Let Si C X*^' denote the (finite) set of poles of fi and consider a point x G — 
{Ex U UjS'j). By evaluating the above equality at x, we obtain the equality 

^Kx) nifi{x) = 0. 

i 

By Corollary 4.7 and the value-preserving property at a;, this last equality implies 
the equality 

or, equivalently, the equality 

Fyic/>{x))=0 

in k{(f){x)). Since x is an arbitrary point in the infinite set X[kx) — {Ex U UiSi), 
this implies Fy = in Ry, as desired. □ 

Lemma 4.9. We have Rx = Oex csnc? Ry = Oey ■ 

Proof. It suffices to prove Rx = Oex- If is clear from the definitions that Rx C 
Oex- We will show the other inclusion (9 C Rx- Let / G OExi^^^^{.f{.x))xeEx ^ 
®xeExk{.^)- Fix ct G /e^ — {1}. For each x G Ex, set 



e{x) 

Thus, we have 



if /(x) 7^1, 
1 — a, if /(x) = 1. 



{e{x))x&Ex e ©xGSx^la^)^- 

Further, set 

{5{x)):,^Ex = {f{x))x&Ex " i4x))xeEx, 

then we have 

,1, if/(x)^l, 

5{x) 



if /(a;) = 1- 



Thus, in particular, we have 



{S{x))xeEx e ®xeExk{^)^- 
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Since the evaluation map Oex ~^ ®xeEx^{^) is surjective, we can find a function 
g G Oex^ sucli tliat {g{x))x^Ex = {^{^))xeEx- Set h f — g. Tfien we liave 
{h{x))j:^Ex = {^{^))xeEx- Since g,h E , tfie equality f = g + h shows that 

feRx. n 

Lemma 4.10. The ring homomorphism lr : Rx — ^ Ry in Lemma 4-8 is injective. 

Proof. Take any / G -Rx with iR{f) = 0. As in the proof of Lemma 4.9, / G Rx = 
Oex can be written as f = g + h for some g,h E . Now we have 

t^ig) = t^Rig) = i^Rif) + i^Ri-h) = i{-h). 

Since t is injective, this shows g = —h, hence / = 0, as desired. □ 

Corollary 4.11. The ring homomorphism lr : Rx Ry extends uniquely to an 
embedding Kx ^ Ky of fields. 

Proof. This follows from Lemmas 4.9 and 4.10. □ 

This completes the proof of Proposition 4.4. □ 

Remark 4.12. The above proof of Proposition 4.4 relies on the value-preserving 
property at all but finitely many points of X"^^ (or, more precisely, all points of 
X"^"^ — Ex). This is a contrast to the proof of [Tamagawal], Lemma (4.7), which 
relies on the value-preserving property at only finitely many points. Thus, unlike 
the case of [Tamagawal], Theorem (4.3), we need, at least for the time being, to 
resort to Mochizuki's theory of cuspidalizations to prove Corollary 3.10, even in the 
affine case. 
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